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ON THE IRREDUCIBLE COMPONENTS 
OF GLOBALLY DEFINED SEMI ANALYTIC SETS 

JOSE F. FERNANDO 


Abstract. — In this work we present the concept of amenable C-semianalytic subset of a 
real analytic manifold M and study the main properties of this type of sets. Amenable C- 
semianalytic sets can be understood as globally defined semianalytic sets with a neat behavior 
with respect to Zariski closure. This fact allows us to develop a natural definition of irreducibility 
and the corresponding theory of irreducible components for amenable C-semianalytic sets. These 
concepts generalize the parallel ones for: complex algebraic and analytic sets, C-analytic sets, 
Nash sets and semialgebraic sets. 


1. Introduction 

Irreducibility and irreducible components are usual concepts in Geometry and Algebra. Both 
concepts are strongly related with prime ideals and primary decomposition of ideals. There is 
an important background concerning this matter in Algebraic and Analytic Geometry. These 
concepts has been satisfactorily developed for complex algebraic sets (Lasker-Nother [L]), com¬ 
plex analytic sets and Stein spaces (Cartan [Cl], Forster [F], Remmert-Stein [RS]), global real 
analytic sets introduced by Cartan (also known as C-analytic sets, Whitney-Bruhat [WB]) and 
Nash sets (Efroymson [E], Mostowski [M], Risler [R]). 

Recall that a subset A of a real analytic manifold M is (real) analytic if for each point x £ M, 
there exists an open neighborhood U x such that X Fl U x = {/i = 0,..., f r = 0} C U x for some 
/i,..., f r £ 0(U X ). The global behavior of real analytic sets could be wild as it is shown in the 
exotic examples presented in [BC, C2, WB] and this blocks the possibility of having a reasonable 
concept of irreducibility. A subset X C M is a C-analytic set if X = {/i = 0,..., f r = 0} for 
some f ],..., f r £ O(M). The difference with analytic sets focuses on the global character of 
the functions defining X. As we have already mentioned, C-analytic sets have a good global 
behavior that enables a consistent concept of irreducibility. 

In Real Geometry also appear naturally sets described by inequalities. Recall that a subset 
S C M n is semialgebraic if it has a description as a finite boolean combination of polynomial 
equalities and inequalities. In [FG] we presented consistent concepts of irreducibility and irre¬ 
ducible components and it is natural to wonder it they extend to the semianalytic setting. 

A subset S' of a real analytic manifold M is semianalytic if for each point x £ M there exists 
an open neighborhood U x such that S n U x is a finite union of sets of the type {/ = 0,gi > 
0,..., g r > 0} C U x where /, g % £ 0(U X ) are analytic functions on U x . This class, that includes 
analytic sets, is too large to afford the concepts of irreducibility and irreducible components 
and we must reduce it in order to have any chance of success. As it happens with C-analytic 
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sets, some ‘global restriction’ should be required. In [ABF] we have recently introduce a class 
of globally defined semianalytic sets. 

A subset S' of a real analytic manifold M is a C-semianalytic set if for each point x € M, there 
exists an open neighborhood U x such that SnU x is a finite boolean combination of equalities and 
inequalities on M, that is, S n U x is a finite union of sets of the type {/ = 0, g\ > 0,..., g r > 0} 
where f,gt € O(M) are global analytic functions. The difference with classical semianalytic 
sets concentrates on the fact that the analytic functions defining S in a small neighborhood of 
each point of M are global. A particular relevant family of C-semianalytic sets is that of global 
C-semianalytic sets [AC, Rzl, Rz2, Rz3]. A global C-semianalytic subset S of M is a finite union 
of basic C-semianalytic sets , that is, a finite union of sets of the type {f = 0,g\ > 0,... ,g r > 0} 
where /, gj € O(M). One deduces using paracompactness of M that C-semianalytic sets coincide 
with locally finite unions of global C-semianalytic sets [ABF, Lem.3.1]. We refer the reader to 
[ABF] for a careful study of C-semianalytic sets. 

A second requirement to avoid pathologies should be that ‘Zariski closure preserve dimen¬ 
sions’. The Zariski closure of a subset E C M is the smallest C-analytic subset X of M that con¬ 
tains E. We define the dimension of a C-semianalytic set S C M as dim(S') := sup xe M {dim( S x )} 
and refer the reader to [ABR, VIII.2.11] for the dimension of semianalytic germs. The Zariski 
closure of a C-semianalytic set is in general a C-analytic set of higher dimension (see Example 
3.15). To guarantee a satisfactory behavior of Zariski closure we need an even more restrictive 
concept. A subset S C M is a amenable C-semianalytic set if it is a finite union of C-semianalytic 
sets of the type X n U where X C M is a C-analytic set and U C M is an open C-semianalytic 
set. In particular the Zariski closure of S has the same dimension as S. 

In this work we prove that amenable C-semianalytic sets admit a solid concept of irreducibility 
and a theory of irreducible components. Both generalize the parallel ones for: complex algebraic 
and analytic sets, C-analytic sets, Nash sets and semialgebraic sets mentioned above, that is, 
irreducibility or irreducible components of a set S of one of the previous types coincides with 
irreducibility or irreducible components when we understand S as an amenable C-semianalytic 
set. 

l.A. Main results. We present next the main results of this work. 

l.A.l. Main properties of amenable C-semianalytic sets. The family of amenable C-semianalytic 
sets is closed under the following operations: finite unions and intersections, interior, connected 
components, sets of points of pure dimension k and inverse images of analytic maps. However, it 
is not closed under: complement, closure, locally finite unions and sets of points of dimension k 
(see Examples 3.6 and 3.18). In addition a C-semianalytic set S C M is amenable if and only if it 
is a locally finite contable union of basic C-semianalytic sets Si such that the family {Si },>i 
of their Zariski closures is locally finite (after eliminating repetitions). As a consequence we 
show in Corollary 3.10 that the union of a locally finite collection of amenable C-semianalytic 
sets whose Zariski closures constitute a locally finite family (after eliminating repetitions) is an 
amenable C-semianalytic set. 

l.A.2. Images of amenable C-semianalytic sets under proper holomorphic maps. Let (V, Ox) 
and (Y,Oy) be reduced Stein spaces. Let a : X —> X and r : Y -A Y be anti-involutions. 
Assume 

X a := {x e X : x = <t(.t)} and Y T :={j/£h : y = r{y)} 
are not empty sets. It holds that (X a ,Ox^) and (Y T ,Oyr) are real analytic spaces. Observe 
that ( X , Ox) and (Y, Oy) are complexifications of (X a , Ox°) and (Y T . Oyr). We say that a C- 
semianalytic set S C X a is A(X a )-definable if for each x £ X a there exists an open neighborhood 
U x such that S 0 U x is a finite union of sets of the type {F |x ct = 0, Gi\x° > 0,..., G r \x° > 0} 
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where F, Gj £ O(X) are invariant holomorphic sections. We denote the set of e-invariant 
homolomorphic functions of X restricted to X a with A{X CT ). 

Theorem 1.1. Let F : (X,Ox) —> ( Y,Oy) be an invariant proper holomorphic map, that is, 
t o F = F o a. Let S C X a be a A(X a )-definable and amenable C-semianalytic set and let 
S' C Y T be an amenable C-semianalytic set. We have 

(i) F(S) is an amenable C-semianalytic subset ofY T of the same dimension as S. 

(ii) If T is a union of connected components of F^ 1 (S') H X a , then F{T ) is an amenable 
C-semianalytic set. 

I.A.3. Tameness algorithm. There exist many C -sernianalytic sets that are not amenable, see 
Examples 3.1 and 3.2. In addition the family of amenable C-semianalytic sets is wider than the 
family of global C-semianalytic sets, see Example 3.3. In 3.D we develop an algorithm, involving 
topological and algebraic operations, to determine if a C'-semianalytic set is amenable. 

I.A.4. Irreducibility. In the second part of the article we analyze the concept of irreducibility for 
amenable C-semianalytic sets and develop a theory of irreducible components that generalize 
the classical ones for other families of classical sets that admit a structure of amenable C'- 
semianalytic set (complex algebraic and analytic sets, C-analytic sets, Nash sets, semialgebraic 
sets, etc.). 



Figure 1. Relations between the different types of sets appearing in this work 

In the algebraic, complex analytic, C-analytic and Nash settings a geometric object is ir¬ 
reducible if it is not the union of two proper geometric objects of the same nature. In the 
amenable C-semianalytic setting this definition does not work because every C-semianalytic set 
with at least two points would be reducible. Indeed, if p, q £ S and W is open C-semianalytic 
neighborhood of p in M such that q ^ IE, it holds 

S = (S n W) U (S \ {p}) 
where S n W and S \ {p} are amenable C-semianalytic sets. 

In the previous settings the irreducibility of a geometric object X is equivalent to the fact that 
the corresponding ring of polynomial, analytic or Nash functions on X is an integral domain. 
This equivalence suggests us to attach to each amenable C-semianalytic set S C M the ring 
O(S) of real valued functions on S that admit an analytic extension to an open neighborhood 
of S in M. We say that S is irreducible if and only if O(S) is an integral domain. 

Our definition extends the notion of irreducibility for C-analytic, semialgebraic and Nash 
sets. In addition if X C C n is complex analytic set and X R C M 2 " is its underlying real 
analytic structure, X is irreducible as a complex analytic set if and only if A K is irreducible as 
a C-semianalytic set. 

I.A.5. Irreducibility vs connectedness. The irreducibility of an amenable C-semianalytic set S 
has a close relation with the connectedness of certain subset of the normalization of the Zariski 
closure of S. Let S C M be an amenable C-semianalytic set and let X be its Zariski closure. 
Let ( X , a) be a Stein complexification of X together with the anti-involution a : X —> X whose 
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set of fixed points is X. Let (Y, n) be the normalization of X and let a : Y —>• Y be the 
anti-holomorphic involution induced by a in Y, which satisifies it o a = a o it. 

Theorem 1.2. The amenable C-semianalytic set S is irreducible if and only if there exists a 
connected component T of n^ 1 (S) such that 7r(T) = S. 

I.A.6. Irreducible components. We develop a satisfactory theory of irreducible components for 
amenable C-semianalytic sets. As before, it holds that if S is either C-analytic, semialgebraic 
or Nash, then its irreducible components as a set of the corresponding type coincide with the 
irreducible components of S as an amenable C-semianalytic set. In addition if X C C n is 
complex analytic set and X R C M 2n is its underlying real analytic structure, the underlying real 
analytic structures of the irreducible components of X as a complex analytic set coincide with 
the irreducible components of X R as a C-semianalytic set. 

Definition 1.3 (Irreducible components). Let S C M be an amenable C-semianalytic set. A 
countable locally finite family of amenable C-semianalytic sets that are contained in S 

is a family of irreducible components of S if the following conditions are fulfilled: 

(1) Each Si is irreducible. 

(2) If Si C T C S is an irreducible amenable C-semianalytic set, then ,S) = T. 

(3) Si ± Sj if * + j. 

(4) S = Ui>! Si. 

In Theorem 5.9 we prove the existence and uniqueness of the family of irreducible components 
of an arbitrary amenable C-semianalytic set S. In particular, we show the following. 

Theorem 1.4. There exists a bijection between the irreducible components of an amenable C- 
semianalytic set S C M and the minimal prime ideals of the ring O(S). 

The behavior of the Zariski closure of an amenable C-semianalytic set S in a small enough 
open neighborhood U C M of S' is neat with respect to the irreducible components. 

Proposition 1.5. Let S C M be an amenable C-semianalytic set. There exists an open neigh¬ 
borhood U C M of S such that if X is the Zariski closure of S in U and {Xj}j>i are the 
irreducible components of X, then {Si := X{ n S}j>i is the family of the irreducible compo¬ 
nents of S and X t is the Zariski closure of Si in U for i > 1. In particular, if S is a global 
C-semianalytic subset of M, each Si is a global C-semianalytic subset of U. 

The family {Sj Zar }j>i of the Zariski closures of the irreducible components {Si}j>i of an 
amenable C-semianalytic set is by Proposition 5.12 locally finite in M (after eliminating repe¬ 
titions). Consequently, 

Corollary 1.6. Any union of irreducible components of an amenable C-semianalytic S C M is 
an amenable C-analytic set. 

l.B. Structure of the article. The article is organized as follows. In Section 2 we present all 
basic notions and notations used in this article as well as some preliminary results concerning 
the ring of analytic functions on a C-semianalytic set. We also include an Appendix A including 
some results about locally finite families. The reading can be started directly in Section 3 and 
referred to the Preliminaries and the Appendix only when needed. In Section 3 we study the 
main properties of amenable C-semianalytic sets, we prove Theorem 1.1 and we present an 
algorithm to determine the amenablility of a C-semianalytic set. The purpose of Section 4 is to 
understand the concept of irreducibility for amenable C-semianalytic sets while in Section 5 we 
prove the existence an uniqueness of the family of the irreducible components of an amenable 
C-semianalytic set. This requires the intermediate concept of weak irreducible components. We 
also study in Section 5 the relationship between the irreducible components of an amenable 
C-semianalytic set and the connected components of its inverse image under the normalization 
map. 
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2. Preliminaries on real and complex analytic spaces 


Although we deal with real analytic functions, we make an extended use of complex analysis. 
In the following holomorphic refer to the complex case and analytic to the real case. For a further 
reading about complex analytic spaces we suggest [GR] while we remit the reader to [GMT, T] 
for the theory of real analytic spaces. The elements of 0(X ) := H°(X,Ox) are denoted with 
capital letters if ( X , Ox) is a Stein space and with small letters if ( X , Ox) is a real analytic 
space. All concepts appearing in the Introduction that involve a real analytic manifold M can 
be extended to a real analytic space (X, Ox) using the ring O(X) of global analytic sections on 
X instead of the ring O(M) of global analytic functions on M. 


2.A. General terminology. Denote the coordinates in C n with z := (z±,, z n ) where z % : = 
Xi + Vi- Consider the conjugation “ : C n —> C n , mz:= (zT ,..., zF) of C n , whose set 
of fixed points is M n . A subset A C C n is invariant if A = A. Obviously, A n A is the biggest 
invariant subset of A. Let D C C n be an invariant open set and F : fl —> C a holomorphic 
function. We say that F is invariant if F(z) = F(z) for all zell. This implies that F restricts 
to a real analytic function on On M n . Conversely, if / is analytic on M n , it can be extended to 
an invariant holomorphic function F on some invariant open neighborhood 0 of M n . 


2.A.I. Real and imaginary parts. Write the tuple z G C” as z = x + T y where x := 
(x’i, • • • ,x n ) and y := (yi,..., y n ), so we identify C n with M 2n . If F : fl —»• C is a holomor¬ 
phic function, 

F{x + V-iy) := $t*(F)(x, y) + V~A^*(F)(x, y) 


where 


. F(z) + F(z) rx.*/^w x F{ Z )~F( Z ) 

K ( F)(x,y ) := --- and 9 ( F)(x,y ) := 


2 " v ‘ ' 2^1 
are real analytic functions on fl = understood as an open subset of M 2n . 


Assume in addition that D is invariant. Then 

$t(F) : n -> c, n*)+m and : ^ c, z^ 

are invariant holomorphic functions that satisfy F = iR(F) + \J — 1 ^s(F). We have 

»*(F) = »*(»(F)) -Q*{Q(F)) and 9f*(F) = 9f*(»(F)) + »*(9f(F)), 

so it is convenient not to confuse the pair of real analytic functions (K*(I ? ), Q*(F)) on with 
the pair of invariant holomorphic functions (iR(F), ( A(F)) on D. 


2.B. Reduced analytic spaces [GMT, 1.1]. Let K = 1 or C and let (X, Ox) be an either 
complex or real analytic space. Let Fx be the sheaf of K-valued functions on X and let •& : Ox —t 
Fx be the morphism of sheaves defined for each open set U C X by du{s) : U —> K, x s(x) 
where s(x) is the class of s module the maximal ideal m_Y,a; of Ox,x■ Recall that (X,Ox) is 
reduced if 0 is injective. Denote the image of Ox under d with O r x . The pair (X, O r x ) is called 
the reduction of (X, Ox) and (X, Ox) is reduced if and only if Ox = O x . The reduction is a 
covariant functor from the category of K-analytic spaces to that of reduced K-analytic spaces. 


2.C. Underlying real analytic space [GMT, II.4]. Let (Z,Oz) be a local model for complex 
analytic spaces defined by a coherent sheaf of ideals X C 0c n |fi) that is, Z := supp(0c«|n/X) 
and Oz '■= (C ) c n |n/^)|z- Suppose that X is generated by finitely many holomorphic functions 
Fi ,..., F r on Q. Let X R be the coherent sheaf of ideals of 0-^2n |qk generated by A*(X[;) 

for i = 1,..., r. Let (Z R , 0[§) be the local model for a real analytic space defined by the coherent 
sheaf of ideals X K . For every complex analytic space (X, Ox) there exists a structure of real 
analytic space on X that we denote with (X R , 0 R ) and it is called the underlying real analytic 
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space of (A , Ox)- The previous construction provides a covariant functor from the category of 
complex analytic spaces to that of real analytic spaces. 

Remark 2.1. If (A, Ox) is a reduced complex analytic space, it may fail that (A E ,C R ) is 
coherent or reduced [GMT, III.2.15]. 

2.D. Anti-involution and complexifications. Let (A, Ox) be a complex analytic space and 
let (A®, 0®) be its underlying real analytic space. We regard both sheaves Ox of holomorphic 
sections and Ox of antiholomorphic sections on X as subsheaves of the sheaf C® <8>C (see [GMT, 
III.4.5]). An anti-involution on (A, Ox) is a morphism of M-ringed spaces a : (A®, C® <g) C) —> 
(A®, O r <8> C) such that a 2 = id and it interchanges the subsheaf of holomorphic sections Ox 
with the subsheaf of antiholomorphic sections Ox- 

2.D.I. Fixed part space. Let (A, Ox) be a complex analytic space endowed with an anti-involu¬ 
tion a. Let X a := {x £ A : cr(x) = x} and define a sheaf Ox° on A CT in the following 
way: for each open subset U C A CT , we set H 0 (U,Ox a ) as the subset of H 0 (U, Ox\x a ) of 
invariant sections. The M-ringed space (A 0- , Ox°) is called the fixed part space of (A, Ox) with 
respect to a. By [GMT, II.4.10] it holds that (A a ,Ox^) is a real analytic space if X a 0 
and it is a closed subspace of (A®,C®). By Cartan’s Theorem B the natural homomorphism 
tf°(A®,C>|) -A H°(X a , Ox°) is surjective [GMT, III.3.8], 

2.D.2. Complexification and C-analytic spaces [GMT, III.3]. A real analytic space (A, Ox) is a 
C-analytic space if it satisfies one of the following two equivalent conditions: 

(1) Each local model of (A, Ox) is defined by a coherent sheaf of ideals, which is not neces¬ 
sarily associated to a well reduced structure (see 2.E). 

(2) There exist a complex analytic space (A, O^) endowed with an anti-holomorphic invo¬ 
lution a whose fixed part space is (A, Ox)- 

The complex analytic space (A, O^) is called a complexification of A and it satisfies the following 
properties: 

(i) O^ x = Ox,x <8> C for all x G A. 

(ii) The germ of (A, O^) at A is unique up to an isomorphism. 

(iii) A has a fundamental system of invariant open Stein neighborhoods in A. 

(iv) If A is reduced, then A is also reduced. 

For further details see [C2, GMT, T, WB], Observe that if (A ,Ox) is a complex analytic 
space, (A®,0®-) satisfies by definition condition (1) above, so it is a C-analytic space and has 
a well-defined complexification. 

2.E. C-analytic sets. The concept of (7-analytic sets was introduced by Cartan in [C2, §7,§10]. 
Recall that a subset A C M is C-analytic if there exists a finite set S := {/i,..., f r } of real 
analytic functions f) on M such that A is the common zero-set of S. This property is equivalent 
to the following: 

(1) There exists a coherent sheaf of ideals J on M such that A is the zero set of J. 

(2) There exist an open neighborhood kt of M in a complexification M of M and a complex 
analytic subset Z of Q such that Z n Af = A. 

A coherent analytic set is C-analytic. The converse is not true in general, consider for example 
Whitney’s umbrella. 
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2.E.I. Well-reduced structure. Given a C'-analytic set A C M the largest coherent sheaf of 
ideals J having X as its zero set is T(X)Om by Cartan’s Theorem A, where Z(A) is the set of all 
analytic functions on M that are identically zero on X. The coherent sheaf Ox '■= Om/Z(X)Om 
is called the well reduced structure of X. The C- analytic set X endowed with its well reduced 
structure is a real analytic space, so it has a well-defined complexification as commented above. 

2.E.2. Singular set of a C-analytic set. Let X C M be a C-analytic set and let X be a complex¬ 
ification of X. We define the singular locus of X as Sing(A) := Sing(A) n M. Its complement 
Reg(A) := X \ Sing(A) is the set of regidar points of X. Observe that Sing(A) is a C- analytic 
set of strictly smaller dimension than X. We define inductively Sing^(A) = Sing(Sing^_ 1 (X)) 
for l > 1 where Sing] (X) = Sing(A). In particular, Sing^(A) = 0 if £ > dirn(A) + 1. We will 
write X := Sing 0 (A) for simplicity. 

2.E.3. Irreducible components of a C-analytic set. A C-analytic set is irreducible if it is not the 
union of two C-analytic sets different from itself. In addition X is irreducible if and only if it 
admits a fundamental system of invariant irreducible complexifications. Given a C- analytic set 
A, there is a unique irredundant (countable) locally finite family of irreducible C-analytic sets 
{Xi}i> i such that X = (J ?:>1 Aj. The C-analytic sets X. L are called the irreducible components 
of X. For further details see [WB], 

2.F. Normalization of complex analytic spaces. One defines the normalization of a com¬ 
plex analytic space in the following way [Nl, VI.2]. A complex analytic space (A, Ox) is normal 
if for all x £ A the local analytic ring Ox,x is reduced and integrally closed. A normaliza¬ 
tion (Y, 7r) of a complex analytic space (A, Ox) is a normal complex analytic space (Y,Oy) 
together with a proper surjective holomorphic map ir : Y —> A with finite fibers such that 
Y \ 7r -1 (Sing(A)) is dense in Y and 7r| : Y \ 7r^ 1 (Sing(A)) —> X \ Sing(A) is an analytic iso¬ 
morphism. The normalization (Y. n) of a reduced complex analytic space A always exists and 
is unique up to isomorphism [Nl, VI.2.Lem.2 X VI.3.Thm.4]. 

Remark 2.2. If fl is an open subset of A, then (7r _1 (fl), 7r|) is the normalization of fl. If Z is 
a connected component of 7r _1 (fl), the map ir\z : Z -A fl is proper and tt(Z) is by Remmert’s 
Theorem [Nl, VII.§2.Thm.2] a complex analytic subspace of fl. In addition Z is irreducible 
because it is connected and normal. Thus, Z \ (7r|^) _1 (Sing(7r(Z))) is by [Nl, IV.1.Cor.2] 
connected. Consequently, 

n(Z\ (7r| z ) _1 (Sing(7r(Z)))) = n(Z) \ Sing(vr(Z)) = Reg(7r(Z)) 

is connected and ir(Z) is irreducible by [Nl, IV.l.Cor.l], Thus, ir(Z) is an irreducible component 
of Z and (Z, tt\z) is the normalization of t(Z). 

2.G. Analytic functions on a semianalytic set. Let T C M be a subset and let U C M 
be an open neighborhood of T. Denote the collection of all analytic functions on U that vanish 
identically on T with X(T, U ) := {/ £ 0(U) : f \t = 0}. The Zariski closure T^ of T in U is 
the intersection 

T7 := f| Z(f) 
fei(T,u ) 

of the zerosets Z(f) := {x €. U : f(x) = 0} where / £ Z(T, U ). 

2.G.I. Sheaf of analytic germs on a semianalytic set. Fix a semianalytic set S C M and an 
open neighborhood U C Af of S. Consider the coherent sheaf of ideals Ju := Z(5, U)Ojj- As 
the sequence 


0 —> Ju —> Ou —y Ou / Ju 0 


( 2 . 1 ) 
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is exact, the sheaf of rings Ojj / Ju is coherent. Observe that H°(U,Ju) = X(5, U). The exact 
sequence (2.1) induces by Cartan’s Theorem B an exact sequence on global sections 

0 -A 1(S, U ) -A 0(U) -A H°(U, Ou/Ju) -A 0. 

Consequently H°(U, Ou/Ju) = 0(U)/T(S, U ). 

The sheaf Om\s is by [F, Cor. (1,8)] coherent. Observe that H°(S, Om\s) is the ring °f germs 
at 5 of analytic functions on M and that Om\s = Ojj\s for each open neighborhood U C M of 
5. Consider the ideal 

AS) :={/ eH 0 (S,O M \s) : /|s = 0}. 

Define the sheaf of ideals Js '■= I(S)Om\s, which is by [F, Cor.(1,8)] a coherent sheaf of ideals 
of Om\s- Consider the exact sequence 

0 ->• Js Om\s -> Os := Om\s/Js —> 0. (2.2) 

As Js and Om\s are coherent, the quotient sheaf Os is also coherent. In addition H°(S, Js) = 
Z(5). The exact sequence (2.2) induces by Cartan’s Theorem B an exact sequence on global 
sections: 

0 -A 1(S) —> H°(S, O m \s) H°(S, Os) -A 0. 

2.G.2. Ring of analytic functions on a semianalytic set. The ring 

0(5) := H°(S, Os) = H°(S, O m \ s )/AS) (2-3) 

is constituted by those functions / : S —> M that admit analytic extensions f : W -A M to 
an open neighborhood W C M of S. If U C M is an open neighborhood of S, the restriction 
homomorphism 

Ifu : 0(S™) - 0(U)/I(S, U) -A 0(5), / ^ /| s 
is injective. If U C V are open neighborhoods of 5 in M, the restriction homomorphism 
puv : 0(Sy T ) * G(V)/AS, V) -A o(5D = 0(U)/1(S, U), f ha flu 
is injective. It holds: 

0(5) = lim 0(U)/1(S,U)= lim 0(5^) (2.4) 

ScUcm ScUcm 

where U runs over the open neighborhoods of S in M. 

2.H. Some algebraic properties of saturated ideals. An ideal a of 0(5) is saturated if it 
coincides with its saturation 

a:={f€ 0(5) : f x € aO s , x Vs G 5} = H°(S, aO s ) 

Some basic immediate properties are the following: 

(i) a C a. 

(ii) If a C b, then a C b. 

(iii) a = a. 

We state next some results concerning primary ideals and primary decomposition of saturated 
ideals of the ring 0(5). The proofs are by equality (2.4) similar to the corresponding ones for 
the ring O(X) where A is a C-analytic set. Thus, we only refer next to the corresponding result 
for O(X) and we do not provide further details. Recall that a family of ideals {a.;}j e / of 0(5) 
is locally finite if the family of their zerosets {X(oj)}i g / is locally finite in 5. 

Lemma 2.3. Let q C 0(5) be a primary ideal. 

(i) Suppose Z( q) J 0. Then f £ 0(5) belongs to q if and only if the germ f x belongs to 
the stalk q Os, x for some x £ Z( q). 

(ii) The primary ideal q is saturated if and only if Z{ q) J 0. 
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Proof. The proof is analogous to that of [BP, 2.1]. □ 

Lemma 2.4. Let {a,;}j e / be a non empty locally finite collection of saturated ideals of O(S). 
Let p be a saturated prime ideal of O(S) such that Hie/ a * c P- Then there exists an index i E I 
such that a,; C p. 

Proof. The proof is similar to the one of [dB, 2.2.10]. □ 

Definitions 2.5. A locally finite decomposition a = Hie/ T where is a locally finite 

family of saturated primary ideals of 0(S ) is said a primary decomposition if it is irredundant 
and the associated primes p* := fihfi are pairwise different. 

A primary ideal q^ E {q i}iei is called an isolated primary component if pfc := is minimal 
among the prime ideals {p, := sji Otherwise, it is called an immersed primary component. 

Lemma 2.6. Let a be a saturated ideal of O(S). Then a admits a locally finite primary decom¬ 
position. 

Proof. The proof is conducted similar to the one of [dB, 2.3.6]. □ 

Lemma 2.7. Let a = f\:e/ q?: be a primary decomposition for a saturated ideal a of O(S). Then 
the prime ideals p* := ^/cp and the isolated primary components q.; are uniquely determined by 
a, that is, they do not depend on the primary decomposition. 

Proof. The proof is similar to that of [BP, 2.8]. □ 

Primary decompositions enjoy the good behavior one can expect for radical ideals. One proves 
straightforwardly the following. 

Corollary 2.8. Let a C O(S) be a saturated radical ideal and let a = fj ieJ q^ be a primary 
decomposition of a. Then each q,; is prime and the primary decomposition is unique. 

3. Tame C-semianalytic sets 

The class of amenable C-semianalytic sets is the smallest family of subsets of M that contains 
C-analytic sets, open C'-semianalytic sets and is closed for finite unions and intersections. A 
first example of amenable C'-semianalytic sets is basic C'-semianalytic sets, that is, sets of the 
type S \= {f = 0, gi > 0,... ,g s >0} where /, g ±,..., g s E O(M). Consequently, global C'- 
semianalytic sets and semialgebraic subsets of M n are amenable C-semianalytic sets. We present 
next some enlightening examples. 

Example 3.1 (C-semianalytic set that is not amenable in any of its neighborhoods). For each 
k > 0 consider the basic C-semianalytic set 

Sk '■= {z 2 — (y — k)x 2 = 0, y > k} C M 3 . 

Observe that the family {Sfc}fc>o is locally finite, so S := Ufc>o is a C-semianalytic set. 

Observe that S is not an amenable C-semianalytic subset of any open neighborhood U of S 
in M 3 because at the points {(0,0, y) : y > 0} the family of the Zariski closures {S k jj} n >i is 
not locally finite, so S' zai = M 3 . 

Example 3.2 (C-semianalytic set that is locally C-analytic but it is not amenable). Let 
Skj := j.x 2 + 2^1 + - sin(y)^xz + z 2 = 0, 2/e7r <y< (2k + l)7r| U{i = 0,z = 0}cl 3 
for j > 1 and k E Z (see [WB, §11]). 
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Figure 2. S := Un> 0 '^ n fr° m Example 3.1 



Figure 3. Zariski closure Xj of Sp 3 (Example 3.2) 


The Zariski closure of Sfj is Xj := Ufcez Skj- Define S := U ; >i Sjj- E holds that for each x G M 
there exists an open neigborhood U x such that S n U x = {/ = 0} n U x for some / G C(M 3 ). As 
(J j>1 Xj C S , we conclude that S = M 3 . Consequently, S is not an amenable C-semianalytic 
set. 

Example 3.3 (Tame C-semianalytic set that is not a global C-semianalytic set). Consider the 
C-semianalytic set S := Ufc>i Sk where 

Sk ■= {0 < x < k, 0 < y < 1/k} C M 2 . 

As S is an open C-semianalytic set, it is amenable. We claim: S is not a global C-semianalytic 
set. 


Si 



^5 Sq £ 7 5g 


Figure 4. Tame C-semianalytic set S := Ufc>i Sk (Example 3.3) 

Otherwise there exist finitely many analytic functions gtj G 0{M) not all identically zero 
such that S = ULitei > 0,... ,gi s > 0}. Notice that the boundary of S is contained in the 
the C-analytic set X = (J[ =] (Jj=i{<?*? = 0}- Thus, there exist indices i,j such that gi 3 is not 
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identically zero but it vanishes on infinitely many segments of the type (a*. — £&, ak+Sk) x {1/A:} 
for different k where a*; £ (k, k + 1) and Ek > 0. But this implies that g t j vanishes identically in 
infinitely many lines of the type y = 1 /k, so gij = 0, which is a contradiction. Thus, S is not a 
global C-semianalytic set. 

As one can expect C-semianalytic sets that are open subsets of C-analytic sets are amenable. 

Lemma 3.4. Let A C M be a C-analytic set and let S C X be a C-semianalytic set that is open 
in X. Then there exists an open C-semianalytic set W such that S = X n W. In particular, S 
is an amenable C-semianalytic set. 

Proof. Fix a point x £ X and let U x be an open neighborhood of x in M such that S fl U x is a 
global C-semianalytic set. By [ABS, 3.1] there exists a finite union W x (maybe empty) of open 
basic C-semianalytic subsets of M such that SnU x = XnW x . Denote W := {M \A)U|J, rgA - W x , 
which is an open C-semianalytic set. Observe that S = In W, as required. □ 

3.A. Basic properties of amenable C-semianalytic sets. The family of amenable C- 
semianalytic sets is closed under: 

• finite unions, 

• finite intersections, 

• inverse image under analytic maps between real analytic manifolds, 

• taking interior, 

• considering connected components or unions of some of them, 

• set of points of pure dimension k. 

Proof. The first two properties are clear. For the remaining ones we proceed as follows. 

3.A.I. Inverse image. Let / : M —> N be an analytic map between real analytic manifolds and 
let S C N be an amenable C-semianalytic set. Then f~ 1 (S) C M is an amenable C-semianalytic 
set. 

We may assume that S = X n W where A is a C-analytic subset of N and W is an open 
C-semianalytic subset of N. As f~ 1 (S) = f~ 1 (X)n f~ 1 (W) and / _1 (A) is a C-analytic subset 
of M and f~ 1 {W) is an open C-semianalytic subset of M, as required. 

3.A.2. Interior. Let S C M be an amenable C-semianalytic set and let X be its Zariski 
closure. It holds that Intv (5') = S\ Civ (A \S) = S P\U where U := M \ Civ (A \ S) is an open 
C-semianalytic set. Then Intv(S') is amenable. 

3.A.3. Connected components. Let S C M be an amenable C-semianalytic set and let 
be the family of the connected components of S. We know by [BM, 2.7] that {>S)}j>i is a locally 
finite family, so the connected components of S are open and closed subsets of S. Let 5 C {* > 1} 
be any non-empty subset. We claim that T := Uiej is an amenable C-semianalytic set. Notice 
that: 

t = s n (m \ |J ci(Si)) = s n u 
m 

where U := M \ Cl(5)) is an open C-semianalytic set. This last claim follows because the 

family is locally finite and each Cl(S'j) is a C-semianalytic set [ABF, 3.A], Consequently 

T is an amenable C-semianalytic set. 

3.A.4. Set of points of pure dimension k. Let S* k ^ be the subset of points x £ S such that the 
germ S x is pure dimensional and dim(,S x ) = k. We have S* k ^ = S n (M \ |J -^ k Cl(5(j))) for each 
k > 0 where is the set of points of S of local dimension j for j > 0. Consequently, SX is 
amenable C-semianalytic. □ 
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Remarks 3.5. (i) A locally finite union of amenable C-semianalytic sets is not in general an 
amenable C-semianalytic set. Each C-semianalytic set is a locally finite union of basic C- 
semianalytic sets, but there are many C-semianalytic sets that are not amenable. 

(ii) Let U := M 3 \ S where S is the closed C-semianalytic set defined in Example 3.1. As U is 
an open C-semianalytic set, it is amenable. However is complement S = M 3 \C is not amenable. 

(iii) As we will see in the Example 3.18, the (C-semianalytic) set of points of local dimension 
k of an amenable C-semianalytic set may not to be amenable. 

Example 3.6 (Bad behavior of the closure of amenable C-semianalytic sets), (i) Consider the 
open C-semianalytic set: 

S := [J Sk where 5& := {y < kx + z, y > kx — z, k < x < k + 1, 0 < z < 1} C R 3 
k> 1 

Clearly S is an amenable C-semianalytic set. We have 

Cl(5) := [J Cl (Sk) where Cl (Sk) := {y < kx + z, y > kx — z, k < x < k + 1, 0 < z < 1} 

k> 1 

Consider the C-analytic set X := {z = 0} and observe that 

01(5) C A := |J Cl (Sk) n X where Cl (Sk) n X := {y = kx, k<x<k + l,z = 0} 

k> 1 

which is not an amenable C-semianalytic set. To that end observe that 01(5) fll = {z = 0} 
has dimension 2 while 0(5) n X has dimension 1. As A is amenable, 0(5) is not amenable. 

(ii) The closure T := 0(5) in M 2 of the amenable C-semianalytic set 5 in Example 3.3 is not 
an amenable C-semianalytic set. To prove this one can apply Theorem 3.17 below. 

3.B. Characterization of amenable C-semianalytic sets. In [ABF] we show that C-semi¬ 
analytic set are countable locally finite unions of basic C-semianalytic sets. Here we obtain the 
corresponding result for amenable C-semianalytic sets. 

Proposition 3.7. Let S C M be a C-semianalytic set. Then S is amenable if and only if there 
exists a countable locally finite family of basic C-semianalytic sets {5j}j>i such that S = Uj>i 
and the family {5i Zar },>i is locally finite (after eliminating repetitions). 

Before proving Proposition 3.7 we need some preliminary work. The following result is a kind 
of weak version of Proposition 3.7 for open C-semianalytic sets. 

Lemma 3.8. Let JJ C M be an open C-semianalytic set. Then there exists a locally finite 
countable family {Uk}k >l of open basic C-semianalytic sets such that U = U ; >i Uj. 

Proof. It is enough to prove: there exists a locally finite countable family {Uk}k> i °f open global 
C-semianalytic sets such that U = UlM Vj. 

For each x £ M pick an open neighborhood U x such that U fl U x is an open global C- 
semianalytic set. As M is paracompact and it admits countable exhaustion by compact sets, 
there exists a countable locally finite open refinements W := {Wj}j >i and W := }j>i °f 
% := {U x } X £m such that Cl(VFj) C Wj for each j > 1. As the the closed sets Cl(VFj) and 
M \ Wj are disjoint, there exists a continuous function fj : M —y R such that fj\ci(w') = 1 an d 
fj\M\Wj = ~ 1- Let gj be an analytic approximation of fj such that \g 3 — fj\ < Notice that 

Cl (W'j) C Vj := { 9j > 0} C Wj 

for each j > 1. Thus, the family {Uj := U fl Vj}j>\ is countable, locally finite, its members are 
open global C-semianalytic sets and satisfies U = U ; >i Uj, as required. □ 
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The following result allows to reduce the proof of Proposition 3.7 to the advantageous case 
of open C-semianalytic subsets of real analytic manifolds. Its proof is quite similar to and less 
technical than the one of Lemma 3.12 below. We leave the concrete details to the reader. 

Lemma 3.9. Let S C M be an amenable C-semianalytic set. Then there exists finitely many 
C-analytic sets Z\,...,Z r and finitely many open C-semianalytic sets U\,... ,U r such that S = 
|J i=i(Zi n Ui), each Z\ n Ui is a real analytic manifold, Zi is the Zariski closure of Z\ n Ui and 
dim(Zj + i n U i+ 1 ) < dim(Zj n Ui) for i = 1,... , r - 1. 

We are ready to prove Proposition 3.7. 

Proof of Proposition 3.7. We prove first the ‘only if' implication. By Lemma 3.9 we may assume 
S = Z fl U where Z is a C-analytic set, U is an open C-semianalytic set, S' is a real analytic 
manifold and Z is the Zariski closure of S. Let {C^>i be the collection of the connected 
components of Z n U. Notice that the Zariski closure C/ ar is an irreducible component of Z. 
Each C-semianalytic set C^ is an open subset of Z, so by Lemma 3.4 there exists an open C- 
semianalytic set Vi such that Ct = Z n V(. By Lemma 3.8 we write b as a countable locally 
finite union Vf = |J/> l °f open basic C-semianalytic sets. Consequently Sgj := Z n Ly is 
either empty or a basic C-semianalytic set whose Zariski closure is an irreducible component of 
Z. The collection {Sej}ej>i satisfies the required conditions. 

We prove next the ‘if’ implication by induction on the dimension of S. If dim(5') = 0, then S 
is a C-analytic set and in particular it is amenable. Assume that the result is true if dirn(S') < d 
and let us check that it is also true for dimension d. 

Consider the C-analytic set X := U*>i S^ 1 and let X' be the union of Sing(S’j Zar ) and the 
irreducible components of 5j Zar of dimension < d for i > 1. It holds that X' is a C-analytic 
set of dimension < d. Consequently, each intersection Si n X' is a basic C-semianalytic set of 
dimension < d. In addition, the countable family {£in.X’ , }j>i is locally finite and {S'* n X' },>i 
is locally finite (after eliminating repetitions). By induction hypothesis S'nA' = Ui>i &i C X' is 
an amenable C-semianalytic set. It only remains to check: S\X' is an amenable C-semianalytic 
set. 

Notice that Si \ X' is either empty or a basic C-semianalytic set of dimension d. We claim: 
Si\X' is an open subset of the real analytic manifold X\X' for each i > 1, so the C-semianalytic 
set S \ X' = Ui>i Si \ X' is an open subset of X. Consequently, S \ X' is by Lemma 3.4 an 
amenable C-semianalytic set. 

Indeed, write Si = S) zar n V) where V) is a basic open C-semianalytic set. As Sing(S) zar ) and 
the irreducible components of Si of dimension strictly smaller than d are contained in X' , the 
basic C-semianalytic set Si\X' = (Si \ X') n Vi is an open subset of the real open analytic 
manifold (Si \X'). As Si \X' is in turn an open subset of the real analytic manifold X\X', 
the claim holds, as required. □ 

As a consequence of Proposition 3.7 we find a sufficient condition under which a countable 
locally finite union of amenable C-semianalytic sets keeps amenable. 

Corollary 3.10. Let {«S)}i>i be a locally finite collection of amenable C-semianalytic sets such 
that the family {Si }j>i is locally finite (after eliminating repetitions). Then S = Ui>i S% is 
an amenable C-semianalytic set. 

Proof. For each i > 1 there exists by Proposition 3.7 a countable family {}y> i of basic 
C-semianalytic sets such that Si = (Jj>i Sij aR d the family {Sij }j>i is locally finite (after 
eliminating repetitions). Notice that {£V/}ij>i is a countable family of basic C-semianalytic 
sets. As S i:j zai c Si“ m for each i,j > 1 and the families {<S) zar }i>i and {Sj/'"}j>\ are locally 
finite (after eliminating repetitions), we conclude that the family {Sij }i,j> l is also locally finite 
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(after eliminating repetitions). By Proposition 3.7 we conclude that S = Ui>i &i = Ui j>\ &ij * s 
amenable, as required. □ 

3.C. Images of amenable C-semianalytic sets under proper holomorphic maps. Before 
proving Theorem 1.1 we need some preliminary work. Let (X, Ox) be a reduced Stein space 
endowed with an anti-involution a such that its fixed part space X a is non-empty. Let A(X) C 
0(X ) be the subring of all invariant holomorphic sections of 0(X ) and 

A(X a ) := {F\ x ° : F G A(X)} C 0{X a ). 

A C-semianalytic set S C X a is A(X a )-definable if if for each x G X CT there exists an open 
neighborhood U x such that SnU x is a hnite union of sets of the type {/ = 0, gi > 0,..., g r > 0} 
where f,gi G A(X a ). 

Lemma 3.11. Let Y be a C-analytic subset of X a and let Z be the Zariski closure of Y in 
X. Then dime(l?) = dim®(y), Sing(X) C Sing(Z) and Y \ Sing(Z) is a union of connected 
components of X a \ Z. 

Proof. If dim^T) < dime (Z), it holds Y C Sing (Z) C Z. which is a contradiction. Thus, 
d := dimc(Z) = dim^T). The inclusion Sing(T) C Sing(Z) is clear, so Y \ Sing(Z) is a real 
analytic manifold of dimension d. In addition, X a \ Z is a real analytic manifold of dimension 
d and Y is a C-analytic subset of X a n Z. Thus, Y \ Sing(Z) is an open and closed subset of 
X a \ Z, so Y \ Sing(Z) is a union of connected components of X a \ Z, as required. □ 

We develop next a useful presentation of A(X CT )-definable and amenable C-semianalytic sets. 

Lemma 3.12. Let S C X a be an A(X a )-definable and amenable C-semianalytic set. Then 
there exist finitely many invariant complex analytic subsets Z \,..., Z r of X and finitely many 

open A(X a )-definable C-semianalytic subsets U\ ,..., U r of X a such that S = |_|)_i {Zi n Ui), 

each Zi n Ui is a real analytic manifold and dim(Zj + i n Ui + 1 ) < dim(Zj n Uf) for i = 1,..., r — 1. 

Proof. We proceed by induction on the dimension d of S. If S has dimension 0, the result is 
clearly true. Assume the result true if the dimension of S is < d and let us check that it is also 
true if S has dimension d. 

3.C.I. As S is an amenable C-semianalytic set, there exist C-analytic sets Y \,..., Y s and open 
C-semianalytic sets V\,... ,V S such that S = Ui=i(^» C V)). Denote Y := Ui=i which has 
dimension d. Let Y' be the union of the irreducible components of Y of dimension d and let Y" 
the union of those of smaller dimension. Let Z' be the Zariski closure of Y' in X and Z" the 
Zariski closure of Y" in X. Then Z = Z' U Z" is the Zariski closure of Y in X. 

By Lemma 3.11 the C-semianalytic set T / \(Sing(Z / )uX / ) is a union of connected components 
of (X CT n Z) \ ((Sing(Z') U Z")). By [ABF, Prop.3.5] Y' \ (Sing(Z') U Z") is a A(X ,T )-definable 
C-semianalytic subset of X a . As Y'\ (Sing(X)UZ // ) is an open C-semianalytic subset of X ff nZ, 

C := (X CT n Z) \ (Y' \ (Sing (Z') U Z")) 
is a closed A(X CT )-definable C-semianalytic subset of X a . 

3.C.2. We claim: 

S = lntx-nZ'(S \ C) U (5 D (Sing(Z') U Z")). (3.1) 

We only need to prove the inclusion from left to right. Let x G S \ (Sing(Z') U Z"). We have to 
check that x G Intx^nZ' (S\C). 

Assume xG Y\TV\. As dim(Yi) = d and Sing(Yi) C C, the diference Y\ \ C is a real analytic 
manifold of dimension d contained in (X CT fl Z') \ C, so it is an open subset of X a n Z'. As 

5 \ (Sing(Z') U Z") C Y’ \ (Sing(Z / ) U Z") = (X a n Z') \ C, 

we deduce x G (Yi \ C) n Li C Intx^n Z’(S \ C). 
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3.C.3. Define Z\ = Z l and U\ = X CT \C1(X CT \ (S\C)). It holds that Z\ is an invariant complex 
analytic subset of X and U\ is an open „4(A CT )-definable C-semianalytic set by [ABF, Prop. 
3.5]. We have 

z x nu l = (. x n z') \ ci(A CT \ (s\ c)) = int x °nz>(s\ c), 

which is a real analytic manifold. 

3.C.4. As 5n(Sing(Z , )UZ // ) is an A(A cr )-definable and amenable C-semianalytic set of dimen¬ 
sion < d, there exist by induction hypothesis finitely many invariant complex analytic subsets 
Z 2 , ■. ■, Z r of X and finitely many open A(A CT )-definable C-semianalytic subsets U 2 ,... ,U r of X a 
such that Zi HUi is a real analytic manifold, dim(Zj + i n Ui + 1 ) < dim (Zi n Ui ) for i = 2,..., r — 1 
and 

r 

s n (Sing(z / ) u z") = LJ(z i n^ i ). 

i =2 

Observe that dim(Zi 0 U\) = d > dim(5 n (Sing(Z') U Z")) = dim(Z 2 0 t/ 2 ). By equation (3.1) 
S = Ui=i (Zi 0 Ui), as required. □ 

Lemma 3.13. Let F : ( X , O x ) —> (Y, Oy) be a proper surjective map between reduced irreducible 
Stein spaces of the same dimension d. Then, there exist complex analytic subsets X' C X and 
Y' C Y of dimension < d such that: 

(i) F~\Y') = X', 

(ii) M := X \ X' and N := Y \ Y' are complex analytic manifolds respectively dense in X 
and Y, 

(iii) F\m ■ M —> N is an open proper surjective holomorphic map of constant rank d. 

Proof. Recall that compact analytic subsets of a Stein space are finite sets, so the fibers of F 
are finite. By [Gl, L.Theorem 4, pag. 136] the set 

Xq := {z € Reg(X) : rk Z (F) < d - 1} U Sing(A) 

is a complex analytic subset of X of dimension < d. 

The singular set Sing(T) has dimension < d. As F is proper, F(Xq) is by Remmert’s Theorem 
a complex analytic subset of Y of dimension < d. Let Y' := Sing(T)Ul ? (Ao) and X' := F~ l (Y'), 
which is a complex analytic subset of X of dimension < d because F has finite fibers. Let 
M := X \ X\ and N := Y \ Y\, which are complex analytic manifolds respectively dense in X 
and Y. As M = F~ 1 {N), the map F\m : M —> N is proper and surjective. In addition, F\m 
has constant rank d, so by the rank theorem F\m is open, as required. □ 

We prove next Theorem 1.1. 

Proof of Theorem 1.1. (i) By Lemma 3.12 S = U[=i G Vi where 

• Z % is an invariant complex analytic subset of X of (complex) dimension di and Zj n X a 
has real dimension di, 

• Vi is an open yl(A CT )-definable C-semianalytic subset of X a . 

As F(S) = |Ji=i F{Zi H Vi), it is enough to prove that F(Zi n V)) is an amenable C-semianalytic 
set, so we assume S = Z\ n V\. To soften notation write Z := Z\ and V := V. We proceed by 
induction on the dimension of S. If S has dimension 0, it is a discrete subset of X a and as F 
is proper also F(S) is a discrete subset of Y T , so it is amenable. Assume the result true if the 
dimension of S is < d and let us check that it is also true if S has dimension d. 

Let {Z a } a be the locally finite family of the irreducible components of Z. By Remmert’s 
Theorem and Lemma A.3 {Y a := F(Z a )} a is a locally finite family of irreducible complex 
analytic subsets of Y. As F(S) = (J Q F{V H Z a ) and the family {Y a } a is locally finite, it is 
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enough to show by Corollary 3.10 that F(V n Z a ) is an amenable C-semianalytic set. Thus, we 
assume A, Y are irreducible, they have complex dimension d, F is surjective and S = V. 

By Lemma 3.13 there exist complex analytic subsets X' C X and Y 1 C Y of dimension < d 
such that: 

• F~ l {Y') = X ', 

• M := X \ X' and N := Y \Y' are invariant complex analytic manifolds respectively 
dense in X and Y, 

• F\ m : M —> N is a proper open surjective holomorphic map of constant rank equal to d. 

By induction hypothesis F(L fl X') is an amenable C-semianalytic set, so it is enough to prove 
that F(V n M) is an amenable C-semianalytic set. By [ABF, Thm. 1.1] F(V n M) is a 
C-semianalytic set. Denote M a := M n X a and N T := N n Y T . As F is invariant, / := 

F\m° : M a —> N T . As rk z (F) = d for all z £ M, it holds rk x (/) = d for all x £ M a . As 

dim] r(A/ < t ) = dimffi(A rr ) = d, we deduce by the rank theorem that / is open, so f(V n M) is an 
open C-semianalytic subset of Y T , as required. 

(ii) After shrinking Y if necessary, we write S' = U!=i C Vi where V t is an open C- 
semianalytic set and Z % is an invariant complex analytic subset of Y. As L is Stein and 
F\ f -i(y) ■ F~ l (Y) -> Y is proper, also F^ 1 (Y) is by [G2, M.Thm.3, pag. 142] Stein. We 
substitute X by F _1 (Y). 

Write Z- : = F~ 1 (Zi) and W % := F~ 1 (Vi) H AC Observe that Z\ is an invariant complex 
analytic subset of X and W t is an open C-semianalytic subset of X a . As T is a union of 

connected components of F^ 1 (S) = U[=i O Wj, the intersection TflZ'n W t is a union of 

connected components of Z[ n W t . Thus, we may assume: 

• S' = Zn V where Z is an invariant complex analytic set and V is an open C-semianalytic 
subset of Y T . 

• T is a union of connected components of F~ 1 (S) n X a = Z' n W where Z' := F _1 (Z) 
is an invariant complex analytic set and W := F~ l {V) n X a is an open C-semianalytic 
subset of X a . 

Let {Z' a } a be the locally finite family of the irreducible components of Z'. By Remmert’s 
Theorem and Lemma A.3 {Y a := F(Z' a )} a is a locally finite family of irreducible complex 
analytic subsets of Y. As T is a union of connected components of Z' n W, it holds that T P\ Z' a 
is a union of connected components of Z' Q n W. As 

F(T) = \jF(TnZ' a ) 

a 

and the family {Y a } a is locally finite, it is enough to show by Corollary 3.10 that F(T n Z' a ) 
is an amenable C-semianalytic set. Thus, we may assume that X, Y are irreducible, they have 
complex dimension d and F is surjective. We have to prove that if V is an open C-semianalytic 
subset of Y T and T is a union of connected components of F _1 (R) n X a , then F(T) is an 
amenable C-semianalytic subset of Y T . Denote W := F~ l {V). 

We proceed by induction on the dimension of A. If A has dimension 0, then T is a discrete 
set and as F is proper, F(T) is also a discrete set, so it is amenable. Assume the result for 
dimension < d and let us check that it is also true for dimension d. By Lemma 3.13 there exist 
complex analytic subsets X' C A and Y' C Y of dimension < d such that: 

• F~ 1 {Y') = A', 

• M := A \ X' and N := Y \ Y' are invariant complex analytic manifolds respectively 
dense in A and Y, 

• F\ m : M —> N is a proper open surjective holomorphic map of constant rank equal to d. 
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As T n X' is a union of connected components of W n X' and dim(X / ) < d, by induction 
hypothesis F(TC\X') is an amenable C-semianalytic set, so it is enough to prove that F[TC\M ) 
is an amenable C-semianalytic set. Denote M a := MnX a and N T := NC\Y T . As F is invariant, 
/ := F | M a ■ M a -A N T and, as we have commented above, / is open. As T n M is an open 
subset of M a , we conclude that F(TC\M ) = f(TP\M) is an open subset of Y T . It only remains 
to show that F(T n M ) is a C-semianalytic subset of Y T . 

By Lemma 3.8 V = (Jy>i Vj where {Yj}j>\ is a locally finite family of open basic C- 
semianalytic set. Fix j > 1 and observe that Tr\F~ 1 {Vj\Y') is a union of connected components 
of F~ 1 (Vj \ Y') n X a . Let Yj C Y be an invariant Stein open neighborhood of Y T such that Vj 
is A(L' r )-definable. Then, F _1 (V) \ Y') n X a is A ( XJ (-definable, where Xj := F _1 ( Yj) is by 
[G2, M. Thm. 3, pag. 141] a Stein space. In addition the map Fj := F\x 3 : Xj —A Yj is proper 
and surjective. As T n Ff~ ] (V 3 \ Y') is a union of connected components of F~ l {Vj \ Y') n X a , 
we deduce by [ABF, Prop. 3.5] that T n Ff~ l (Vj \ Y') is A,(XJ)-definable. By [ABF, Thm. 1.1] 

Fj(T n Fr l (Vj \ Y')) = Fj(T n M D Fr l {Vj)) = Fj{T n M) n Vj 
is a C-semianalytic subset of Y T . Thus, the locally finite union of C-semianalytic subsets of Y T 

F(T n M) = J Fj(T n M) n Vj 

3> 1 

is a C-semianalytic subset of Y T , as required. □ 

Example 3.14 (Tameness is not preserved by proper analytic maps with finite fibers). Let M := 
U fc >i Sfc where Sfc := {(x, y, z) G M 3 : (x — k + |) 2 + y 2 + (z — 2k) 2 = 4}, which is a locally finite 
union of pairwise disjoint spheres. Let 

S k := {(x,y, z) G S k : k - 1 < x < k, 0 < y < |}. 

It holds that S := Ufc>i &k is an amenable C-semianalytic set. Let 7r : M 3 —>• M 2 , (x, y, z ) i-a (x, y) 
be the projection onto the first two variables. Observe that p := tt\m '■ M —A M 2 is a proper map 
with finite fibers. However 

p(S) = [J{(x, y) £l 2 : k - 1 < x < k, 0 < y < 1} 

k> 1 

is not amenable as we have seen in Example 3.6. 

3.D. Tameness-algorithm for C-semianalytic sets. We end this section with an algorithm 
to determine if a C-semianalytic set is amenable. 

3.D.I. Zariski closure of amenable C-semianalytic sets. The announced algorithm is based on 
the fact that while the behavior of the Zariski closure of general C-semianalytic sets can be wild, 
the Zariski closure of an amenable C-semianalytic set behaves neatly. 

Example 3.15 (Bad behavior of Zariski closure of C-semianalytic sets). For n > 1 consider the 
basic C-semianalytic set 

S n := {y = nx, n<x<n + l}cR 2 

The family {S' n } n >i is locally finite, so S := U ra >i S n is a C-semianalytic set. If x G S and U x 
is a small enough C-semianalytic neighborhood of x, the Zariski closure S n [7 xZai is a line. The 
collection { S n } of all these lines is not locally finite at the origin and S = R 2 . 

Lemma 3.16 (Neat behavior of Zariski closures of amenable C-semianalytic set). Let S C M 
be an amenable C-semianalytic set and for each x 6 M let U x C M be any open C-semianalytic 
neighborhood. Then 

5 zar = |J snc zar . 

xeci(S) 
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Proof. By Lemma 3.9 we may assume S = X n W is a real analytic manifold where X is the 
Zariski closure of S and W is an open C-semianalytic set. Let {S )}*>1 be the family of the 
connected components of S. Then 

• S'* is a pure dimensional connected amenable C-semianalytic set. 

• Each S t is an irreducible component of X. 

• S = \Ji>i Si andX = U>i ST™- 

Let x e 0(5) and assume that x G Cl(5j) only for i = 1,..., r. Let C := M \ (J i<r+1 Cl(5j) and 
let V : = U x \ C , which is an open C-semianalytic neighborhood of x. Notice that dim(5 a; ) = 
dim (5 nV) = dim(SnV zar ) and 

(J s - ar = 5rvc zar c s n u * zar c x 

i= 1 

As Cl(5) = Ui>i Cl (Si), it holds X = U*>i S™ = |J seC i (S ) SnU*™*, as required. □ 

3.D.2. Definition of the algorithm. Let S C M be a C-semianalytic set. Let X\ be the union of 
the irreducible components of S of maximal dimension. Define 

TfiS) ^IntReg^SnRegpC)). 

Assume we have already defined Ti(S'),..., Tk(S) and let us define Tk+i(S). Let Rk+i ■= 
S \ Uj=i and let X^ + i be the union of the irreducible components of Rk+\ M of maximal 

dimension. Consider 

T k +i(S) ■= IntRe g (x fc+1 )(<5 Pi Reg(Xfc + i)). 

Theorem 3.17. Let S C M be a C-semianalytic set. The following assertions are equivalent 

(i) S is amenable. 

(ii) 5 = Ui>i^(5). 

3.D.3. Preliminary properties of the operators 7} c (-). Let S C M be a C-semianalytic set. 

(i) Tf ; (S) is an amenable C-semianalytic set by Lemma 3.4. 

(ii) If Tk{S) = 0, then Rk+i = Rk for all t > 1 and Tk+e(S) = T k (S) = 0 for all I > 1. 

(hi) IfT k+1 (S) C T k (S), then R k+e = R k +i for all £ > 1 and T k+e (S ) = T k+1 (S) for all i> 1. 

(iv) If T k+ i(S) 0, then dim(Xfc + i(S')) = dim(Afe + i) < dim(Afc) = dim (T k (S)) because 

Rk +1 c Rk- 

(v) 7/dim(X fe+ i) = dim(A fc ), then 0 T k+1 (S) \ Sing(A fc ) C T k (S) and T k+2 {S ) = T k+1 (S). 

(vi) There exists fco > 1 such that T ko {S) = T ko+ fiS) for all £ >1. 

Proof. Assertions (i) to (iv) are straightforwardly checked. 

(v) As dim(Xfc + i) = dim(Xfc), then dim(lC + ] zar ) = dim(i?/ c zar ). As R k +i C R k , it holds 
that R k+ 1 C R k , so X k+ i C X k and Reg(Xfc + i) \ Sing(Afc) is a non-empty open subset of 
Reg(X fc ) because dim(Sing(X fc )) < dim(A fc+ i). Thus T k+1 (S) \ Sing(A fc ) c T k (S). 

We claim: R k+1 \ Sing(A fc ) C R k+2 - 

As T k+1 (S) \ Sing(A fc ) C T k (S), we have R k+1 \ (( T k+1 (S ) \ Sing(X fc )) = R k+ 1 and 
14 +2 = 14+i \ T k+1 (S) = 14+i \ ((T k+ i(S) \ Sing(Xfc)) U (T k+1 (S) n Sing(A fc ))) 

= (R k+ 1 \ (T k+1 (S) \ Sing(X fc ))) \ (T fc +i(5) D Sing(A fc )) 

= R k+ 1 \ (T fc +i(5) n Sing(X fc )) D R k+1 \ Sing(A fc ). 
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As dim(Sing(Xfc)) < dim(X fe+ i) and R k+1 \ Sing(A fc ) C R k+ 2 C R k+ 1 , we have 
X k +i c R k+ 1 \ Sing(A fc ) zar c 74^ zar c IWT 1 '. 

Thus, X k+l = X k+2 , so T k+2 (S ) = T k+1 (S). 

(vi) Let k > 1. If T k (S) = 0, then by (ii) T k (S) = T k+ n(S ) for all t > 1. Thus, we assume 
T k (S) / 0. We know by (iv) that dim(Afc + i) < dim(Xfc). If dim(Afc + i) = dim(Xfc), then 
by (v) T k+2 (S) = T k+ i(S), so by (iii) T k+ n(S) = Tfc + i(5) for all l > 1. The case missing is 
dim(Afc_|_i) < dim(Afc). Repeat the previous argument with the index k + 1 in the place of k 
and observe that in finitely many steps we achieve the statement. □ 


3.D.4. Proof of Theorem 3.17. By 3.D.3 it follows that (ii) =^> (i). To prove the converse we 
proceed as follows. 

Step 1. We claim: For each k > 1 it holds S = Uj=i 7} (S') U S'(, +1 where S'^, +1 is either empty 
or an amenable C-semianalytic set such that S' k+1 = R k+ i &l and dim(5[, +1 ) < dim(7\.(S')). 

Let k > 1 and assume S = L k U S' k where 


Lk : = 



if k = 1, 
if k > 2, 


R\ ■= S[ := S and S' k is either empty or an amenable C-semianalytic set such that S' k = R k &r 
and dim(S(.) < dim(Tfc_i(5)) if k > 2. Let us prove that S = L k+ \ US’[. +1 where L k+ \ and S k+l 
satisfy the corresponding properties. 


If 5' = 0, then T k (S) = 0 and it is enough to take S k+1 = 0. Assume S k / 0, so it is an 
amenable C-semianalytic set such that S' k = R k m and dim(5[,) < dim(Tfc_ 1 (S')). 

Notice that S k n Reg(Afc) C S n Reg(A^) has no empty interior in Reg(Afc), so T k (S ) / 0. 
Write S k = l_l[=i(^* LI Ui) where Zi is a C- analytic set, Ui is an open C-semianalytic set, each 
Zi n Ui is a real analytic manifold, Z* is the Zariski closure of Z % n U% and dim(Zj + i n U t +\) < 
dim (Zi n Uf) for % = 1,..., r — 1 (see Lemma 3.9). 

Let S k+ 1 := S k n |J 1=1 Z?; H R fl R k+ i Zar , which is amenable because it is the intersection of 
two amenable C-semianalytic sets. In addition S k fl R k +i C S k+1 , so 


k— 1 k k 

s = U Tj(S) u S> k = \J Tj(S) U (S' k n R k+1 ) = U Tj(S) U S' k+1 = L k+l u ^ +1 . 

3 = 1 i =1 i =1 

We have to prove that S k+1 = R k+ \ 11 . 

For each i = 1,..., r we have Z, t n Ui n R k+ ^ ar C R k+ \ &1 . Thus S' k+1 C R k+ \^, so S' k+1 C 
R k+ i Zai . The converse inclusion follows because R k+ 1 = S \ L k+ \ C S k+1 . 

We claim: dim(Zj n Ui H R k+ i Zai ) < dim (T k (S)) for i = 1,..., r. For i = 2,..., r the result 
is clear, so let us prove dim(Zi n U\ n R k+ \ ) < dim(Tfc(S')). 

As dim(Zi n U\) = dim(5’),) = dim (T k (S)), we have (Zi n U±) \ Sing(Afc) is a real analytic 
manifold of dimension dim(A'fc), so it is an open subset of Reg(Afc) and (Z\ n U\) \ Sing(Afc) C 
T k (S). Thus, (Zi n Ci) \ T k (S) C Sing(Afc), so 

dim((Zi n Ci) \ T fc (5) zai ) < dim(Sing(X fc )) < dim(A fc ) = dim(S') = dim(T fc (5)). 

We conclude dim(5(. +1 ) < dim (T k (S)). 

Step 2. To finish we prove that there exists an index k > 1 such that S k = 0. For each k > 1, 
it holds that either S' k = 0 or 

dim(Afc) = dim(R| ar ) = dim(S’^, zar ) = dim(S k ) < dim(T fc _i(5)) = dim(X fc _i). 
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As dim(Ai) = £11111(5) < +oo, there exist only finitely many posible k’s such that S' k / 0. 
Consequently, there exists k > 1 such that 5 = U/=i S') = |J/>i Tj{S ), as required. □ 

Example 3.18. Consider the open C'-semianalytic set 

So := [J {0 < x < k, 0 < y < 1/k} C M 3 
k> 1 

and let 5i := {z = 0}. Define S := So U Si which is amenable because it is the union of two 
amenable C'-semianalytic sets. Let 5(3) be the set of points of 5 of local dimension 3 and let us 
check that it is not amenable. Indeed, observe first that 5( 3 ) = Sq U C1(5o C {z = 0}). Assume 
by way of contradiction that 5( 3 ) is amenable. Then also S' := 5( 3 ) C\{z = 0} = Cl(5on{2: = 0}) 
should be amenable. To prove that S' is not amenable we apply Lemma 3.17. Observe that 
X\ = {z = 0}, Ti(5') = So C {z = 0}, R 2 = Cl(5 0 D {z = 0}) \ (5 0 n {z = 0}), X 2 = {z = 0}, 
T 2 (S') = So O {z = 0} and S' / Ti(S'). By Theorem 3.17 S' is not amenable, so 5( 3 ) is not 
amenable. 

4. Irreducible amenable C'-semianalytic sets 

An amenable C'-semianalytic subset 5 of a real analytic manifold M is irreducible if the ring 
O(S) is an integral domain. This notion extends both the concepts of irreducible C-analytic set 
and irreducible semialgebraic set [FG, 3.2], 

4.A. Basic properties concerning irreducibility. One deduces straightforwardly the fol¬ 
lowing facts concerning irreducibility: 

(i) Irreducible amenable C'-semianalytic sets are connected because the ring of analytic func¬ 
tions of a disconnected amenable C'-semianalytic set is the direct sum of the rings of analytic 
functions of its connected components, so it contains zero divisors. In particular, a real analytic 
manifold is irreducible if and only if it is connected. 

(ii) The Zariski closure 5^ r of an irreducible amenable C'-semianalytic set 5 in an open 
neighborhood U is irreducible because 0(S0(S),f i-A f\s- As 5 is amenable, dim(5^ r ) = 
dim(5). 

(iii) An amenable C'-semianalytic set that is the image of an irreducible amenable C-semi¬ 
analytic set under an analytic map is irreducible. In particular, the irreducibility of amenable 
C-semianalytic sets is preserved under analytic diffeomorphisms. 

(iv) Let T C 5 C M n be amenable C-semianalytic sets such that T is irreducible. Then the 
ideal 

X(T,5):={/eO(5): f\ T = 0} 

is a prime ideal of O(S) because 0[T ) is an integral domain and I(T, 5) is the kernel of the 
restriction homomorphism 0(S ) -A 0(T), f i-A f\ t- 

Example 4.1. The previous notion has a misleading behavior if we extend it to arbitrary C'- 
semianalytic sets. Let U C M 3 be an open connected neighborhood of 5 := Ufc>o where 

Sk ■= {z 2 ~ (y ~ k)x 2 = 0 ,y> k} 

(Example 3.1). If / G 0(17) vanishes identically on 5, then / = 0 on U, so Z(5) = (0) and 
5 jj = U. Consequently, O(S) = H°(S, Om\s) is an integral domain because 5 is connected. 
Thus, 5 should be irreducible, even if we feel that it should not. Note that 5^ := Ufc=o 5fc is 
reducible for all l. Its irreducible components are {z 2 — (y — k)x 2 = 0, y > 0} for 0 < k < £. 

Lemma 4.2. Let S be an amenable C-semianalytic set. The following assertions are equivalent: 

(i) 5 is irreducible. 

(ii) For each open neighborhood U of S in M, the C-analytic set Sjj is irreducible. 
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(iii) If f E 0(S) and dim (Z(f)) = dim(S'), then f is identically zero. 

Proof, (i) =$■ (ii) The ideal I(S,U) is a prime ideal of 0(17), so Sy' = Z{T(S,U )) is an 
irreducible C-analytic subset of U. 

(ii) ==> (iii) Let f E 0(17 ) be an analytic extension of / to an open neighborhood U C M of 
S. As f vanishes on a subset of maximal dimension of the irreducible C'-analytic set Sjj , we 
have f\g**r = 0 , so / = f\ s = 0 . 

(iii) ==>- (i) Let /i ,/2 E O(S) be such that / 1/2 = 0. Let x E S be such that the germ S x 

is regular of maximal dimension. As S x is irreducible, we may assume fi is identically zero on 
an open neighborhood of x in S. Thus, dim(Z(/i)) = dim(S'), so /1 = 0. Consequently, S is 
irreducible. □ 

4.B. Normalization and irreducibility. We are ready to prove Theorem 1.2 that relates 
irreducibility with connexion in the normalization of the complexification of the Zariski closure. 

Proof of Theorem 1.2. It is enough to prove: For each open neighborhood U C M of S the 
Zariski closure A := Sjj is irreducible if and only there exists a connected component T of 
7 t _1 (5) such that n(T) = S. 

4.B.I. Suppose first 7 r(T) = S for some connected component T of 7r _1 (5). Assume M is 
imbedded in M n as a closed real analytic submanifold and A is a complex analytic subset of C n . 
Note that dime (A) = dim® (A) =: d. Fix an open neighborhood U C Af of S and let fl C C" be 
an invariant open neighborhood of S such that fl n M = U. By Remark 2.2 (tt~ 1 (X n fl), 7r|) is 
the normalization of A n II. As T is connected and dim®(T) = d, it is contained in a connected 
component Z of 7r -1 (A n Ft) of dimension d. By Remark 2.2 7 r(Z) is an irreducible component 
of A n fl of dimension d. As S = 7 r(T) C 7 r(Z) C A, we have S 7 jT C 7 r(Z) DU. A 7 r(Z) is 
irreducible and has dimension d, it is the complex Zariski closure of Sy in fl. As this holds for 
all invariant open neighborhood fl C C n of Sy , we deduce Sy is irreducible. 

4.B.2. Suppose next that is irreducible for each open neighborhood U C M of S. We will 
construct a suitable open neighborhood U C M of S in M to prove the existence of a connected 
component T of 7r -1 (S) such that 7 r(T) = S. 

Let {T,:}j>i be the connected components of 7 r _ 1 ( 5 ). As S is invariant, 7 r“ 1 (S') is invariant. 
Let {0^}i>i be pairwise disjoint open subsets of Y such that T\ C 0) for i > 1. Denote 
0' := (Jo! ©i and 0 := 0 / nS : (0 / ). Notice that 0 is an invariant neighborhood of 7 r _ 1 ( 5 ) in Y 
and 0j := 0( n 0 C A is an open neighborhood of T % . Clearly, 0.; C = 0 if i 7 ^ j. 

Define C := Y\Q which is a closed invariant subset of Y that does not intersect 7 r~ 1 (S'). As 
7 r is proper and invariant, tt(C) is an invariant closed subset of A. It holds S n 7 r(C) = 0 , so 
7 T~ 1 (S)n 7 r~ 1 ( 7 r(C')) = 0 . Substituting C by the invariant closed set 7 r _ 1 ( 7 r(C')), we may assume 
that C = 7 r _ 1 ( 7 r(C 1 )), so the restriction map 7 r|y\c :Y\C A \ n(C) is proper and surjective. 
Define D := C n \ 7 r (C) and U := fl H M, which is an open neighborhood of S in M. 

4.B.3. As S Z y X is irreducible, the complex Zariski closure Z of in fl is irreducible, it is 
contained in A and its dimension equals dirriR(S') = dimR(A) = dirnc(A). Thus, it is an 
irreducible component of A' := A n D. In addition ( Y' := 7 t^ 1 (A / ), 7 r|y/) is by Remark 2.2 the 
normalization of X'. Thus, there exists a connected component K of Y' such that Z = n(K). 

As K c Ui>i ©* is connected, K C 0j o for some io > 1. As T* n K C T t n 0j o = 0 if i 7 ^ io, 

7 T (T io ) = 7 t(i< n \J T^j = 7 t(K n 7r -1 (5)) = ZnS = S, 

i> 1 


as required. 


□ 
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Remarks 4.3. (i) Let Y a be the set of fixed points of a. Recall that if X is coherent, 7 r _ 1 (W) = 
Y a , see [GMT, Thm. 3.14]. If such is the case, the connected component T in the statement of 
Theorem 1.2 is contained in Y a . 

(ii) If X is not coherent but 7 r( 7 r _ 1 ( 5 ') n Y' 7 ) = S, we cannot assure that the connected 
component T of 7 r _ 1 ( 5 ') such that vr(T) = S satisfies in addition 7 r(T n Y a ) = S. Let X be the 
irreducible C- analytic set of equation x 4 — z 2 (4 — z 2 )y 4 = 0. Consider the C'-semianalytic set 

S := {X n {0 < z < 1, y ^ 0}) U {x = 0, y = 0, — 1 < z < 1}. 



Figure 5. X := {x 4 - z 2 ( 4 - z 2 )y 4 = 0} 

Consider the analytic diffeomorphism 

/ : M 3 M 2 x (-1,1), (x, y, z) i-> (x, y, + . 

Observe that 

f~ l {X 0 (M 2 x (-1,1))) = {x 4 (l + z 2 ) - z 2 ( 4 + 3 z 2 )y 4 = 0} 

= {(x\/l + z 4 ) 2 — z(\J 4 + 3 z 2 ) = 0} U {(x\/l + z 4 ) 2 + z(y/ 4 + 3 z 2 ) = 0}. 

and 

f~ l (S) = {(x1 T z 4 ) 2 - z{\J 4 + 3 z 2 ) = 0} 

is analytically equivalent to Whitney’s umbrella, so it is irreducible. The complex analytic set 
X := {x 4 — z 2 (4 — z 2 )y 4 = 0} C C 3 is a complexification of X. Its normalization is the non¬ 
singular complex analytic set Y := { u 2 — vz = 0, v 2 + z 2 — 4 = 0} C C 4 together with the 
holomorphic map 7 r : Y —> X, ( y,z,u,v ) *->• ( uy,y,z ). We have 7 r _ 1 (S’) = T 1 UT 2 UT 3 UT 4 where 

T] := |(y,z,±\/zv / 4 - £ 2 , y/4- z 2 ),0 < z < l| 

T '2 := {(0, z, ± \J'—z\J4 - z 2 \^l, \j4 — z 2 ), — 1 < z < o| 

T 3 := {(0 ,z,±\Jzy/4- z 2 V Z X,~V4~ z 2 ),0 < z < l} 

T 4 := j(0, z, ±\!—z\J4 — z 2 , — V4 - z 2 ), —1 < 2 < o| 

The connected components of 7r _1 (S') are T := Tf U T2 and T’ := X3 U T4. It holds 7r(T) = S. 
In addition 7r^ 1 (S') n Y a = Ti U T 4 and it satisfies 7r(T 4 U T 4 ) = S. However, T\ U T 4 is not 
connected and 7 r(T n Y a ) = 7t(Ti) C S. 
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5. Irreducible components of an amenable C-semianalytic set 

The next natural step is to explore the notion of irreducible components of an amenable C- 
semianalytic set (see Definition 1.3 and Theorem 1.4). This theory shall generalize theories of 
irreducible components for particular cases of amenable C-semianalytic sets as: C-analytic sets, 
complex analytic subset of a Stein manifold (endowed with their underlying real structure) and 
semialgebraic sets. More precisely, 

(i) If X is a C-analytic set, its irreducible components {W}j>i as a C-analytic set coincides 
with the ones obtained if we consider X as an amenable C-semianalytic set. 

Proof. Let us check that {W}j>i satisfies the conditions in Definition 1.3. Only condition (2) 
requires a comment. Let X\ C T C X be an irreducible amenable C-semianalytic set. By 
Lemma 5.6 below there exists j > 1 such that X\ C T C Xj, so j = 1 and T = X\ , as 
required. □ 

(ii) Recall that if X is an irreducible complex analytic subset of a Stein manifold [Nl, 
IV.§l.Cor.l, pag.68], then Reg(X) := X\Sing(X) is connected. If we consider the real structure 
(V R , O induced by X, we deduce that X m is irreducible as a C-analytic set. In addition if X 
is a general complex analytic subset of a Stein manifold, the irreducible components of X are 
by [Nl, IV.§1.Cor.2, pag.67] the closures in X of the connected components of Reg(A). Conse¬ 
quently the irreducible components of X and the irreducible components of as a C-analytic 
set coincide. Thus, the irreducible components of X as a complex analytic set coincides with 
the ones obtained if we consider X as an amenable C-semianalytic set. 

(iii) If S' is a semialgebraic set, its irreducible components as a semialgebraic set coincides 
with the ones obtained if we consider X as an amenable C-semianalytic set [FG, 3.2, 4.1]. 

We prove next the existence and the unicity of the family of irreducible components of an 
amenable C-semianalytic set in the sense of Definition 1.3. To get advantage of the full strength 
of the algebraic properties of the ring O(S) we introduce first some milder concepts and study 
their main properties. 

5.A. Weak irreducible components of an amenable C-semianalytic set. Let S C M be a 

subset. We say that T C S is an S-tame C-semianalytic set if there exists an open neighborhood 
U C M of S such that T is an amenable C-semianalytic subset of U. There is no ambiguity to 
say that an S'-tame C-semianalytic set T C S is irreducible if 0(T) is an integral domain. Given 
an amenable C-semianalytic set S C M and an S’-tame C-semianalytic set T C S, we define the 
ideal of T with respect to S as 

l(T,S):={feO(S): f\ T = 0}. 

Definition 5.1 (Weak irreducible components). Let S' C Af be an amenable C-semianalytic 
set. A countable locally finite family {S)}j>i in S of S'-tame C-semianalytic sets is a family of 
weak irreducible components of S if the following conditions are fulfilled: 

(1) Each Si is irreducible. 

(2) If Si C T C S is an irreducible S'-tame C-semianalytic set, then Si = T. 

(3) Si / S, if i^j. 

(4) S = Ui>! Si. 

Theorem 5.2 (Existence and uniqueness of weak irreducible components). Let S C R n be 
an amenable C-semianalytic set. Then there exists the family of weak irreducible components 
{S)}j>i of S and it is unique. In addition it satisfies 

(i) Si = Z(Z(Si, S)) for i> 1. In particidar, Si is a closed subset of S. 

(ii) The ideals I(Si, S) are the minimal prime (saturated) ideals ofO(S). 
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5.A.I. Preliminary results. Before proving Theorem 5.2 we introduce some auxiliary results. 

Lemma 5.3. Let S C M be a semianalytic set and let a be an ideal of(D(S). Then Z(a) is the 
intersection of S with a C-analytic subset X of an open neighborhood U C M of S. 

Proof. We have defined O(S) in (2.3) as the quotient H°(S,Om\s)/Z(S). Let 21 D T(S) be the 
ideal of H°(S, Om\s) such that a = 2l/Z(S'). By [F, Cor. (1,8)] the sheaf of ideals 21 Cm|s is 
Om1 5 -coherent. By [GMT, 1.2.8] there exists an open neighborhood U C M of S and an analytic 
(Du-coherent sheaf T such that $IOm\s = Z"| 5 . 

Let X be the zero set of the Cj/-coherent sheaf J-, which is a C-analytic subset of U. As 
21 (9 m1 5 = J r |s, we deduce Z(a) = Z( 21) = S n X, as required. □ 

Lemma 5.4. Let S C M be a semianalytic set and let a be an ideal of O(S). Denote T = Z(a). 
Then for each f G 0(T) there exists g G O(S) such that Z(f) = Z(g). 


Proof. By Lemma 5.3 there exists an open neighborhood Uq C M of S and a C-analytic set 
X C Uo such that T = S fl X. Let V C Uq be an open neighborhood of T and f G 0(V) an 
analytic function such that f \t = f ■ We claim: S C JJ\ := (U \ X) U V. 

Indeed, S D Ui = (S \ X) U (V n S) D (S \ T) U T = S, so S C Ui. 

It holds: X' := X fl U\ = X n V is a C-analytic subset of U\. 

Let g be an analytic equation of X' in V and consider the Ou x -coherent sheaf of ideals 


T x : = 


g£ > u 1 , x 

Ou lt X 


if x G V, 
otherwise. 


As X' is the zero set of J 7 , we conclude that X' is a C-analytic subset of U\. 


In addition STlX' = 5Tl ACL = T. Let h G 0(U\) be an analytic equation of X' in U\ and 
consider the Cfj, -coherent sheaf of ideals 


T* ■= 


{h 2 + f' 2 )0 Ul , x 

Olh, X 


if x G X\ 
otherwise. 


Its zero set is a C-analytic subset of U\, so there exists g' G 0{U\ ) such that its zero set coincides 
with the zero set Z(h, f) = X' n Z(f') of T. Thus, if g := g'\s, we have 

Z(g) = s n Z(g') = snx'n z(f) = t n z(f) = z(f), 


as required. 


□ 


Lemma 5.5. Let S C M be an amenable C-semianalytic set and let a be an ideal of O(S). 
Then 


(i) Z(a) is an S-tame C-semianalytic set. 

(ii) Z(a) is irreducible if and only if l(Z(a), S) is a prime ideal of O(S). 


Proof, (i) This statement follows from Lemma 5.3. 

(ii) Recall that if T = Z(a) is irreducible, then I(T,S) is prime (see 4.A(iv)). Conversely, 
assume that T(T,S) is prime and let /i,/2 G 0 (T ) be such that /1/2 = 0. By 5.4 there exist 
analytic functions gi, <72 ^ ^(S) such that Z{gf) = Z(fi) for i = 1, 2. Thus, i?(<q < 72 ) = Z(f\ f' 2 ) = 
T, so gig2 G T(T,S). As 1 (T,S ) is a prime ideal, we assume g\ G T(T,S). Thus, Z(fi) = 
Z(gi) = T, so f\ = 0. Consequently, 0 (T) is an integral domain and T is irreducible. □ 

Lemma 5.6. Let S C T C E C M be E-tame C-semianalytic sets such that S is irreducible 
and let {Tj}j> 1 be a family of E-tame C-semianalytic sets. Assume 

(i) Ti = Z(l(Ti,E)) fori >1, 
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(ii) T = Ui>i 2 <, 

(iii) The family {T}i >i is locally finite in E, 

Then there exists i > 1 such that S C T.- t . 

Proof. As S is irreducible, I(S,E) is a saturated prime ideal of O(E). The family of saturated 
ideals {X(Tj, E)}i>\ is locally finite and f'| - >1 Z(Xi, E) = 1(T,E) C T(S,E). By Lemma 2.4 
T{Ti, E) C X(5, E) for some i > 1, so S C Z(1(S, E)) C Z(X(T;, £)) = T i? as required. □ 

As a straightforward consequence of Lemma 5.6 and Theorem 5.2 proved below, we have: 

Corollary 5.7. Let S C M 6e an amenable C-semianalytic set and let {<Si}j>i be the family of 
the irreducible components of S. Then Sf fL (J^ fc f or eac h k >1. 

5.A.2. Proof of Theorem 5.2. We divide the proof into two parts: 

Existence of the weak irreducible components. Let T(S) = f]j>i Pi be a locally finite (irredun- 
dant) primary decomposition of T(S). As T(S) is a radical ideal, the ideals pj are by Corollary 
2.8 prime ideals of the ring H°(S, Om\s)- We have: 

• Si := Z(pi) C S is by Lemma 5.3 an S'-tame C'-semianalytic set. 

• 5 = U>1 

• The family {t5 Y ? ;}i> i is locally finite in S. 

We claim: Each S-tame C-semianalytic set Si is irreducible and T(Z(pi), S) = pj for i = 

By Lemma 5.5 it is enough to show that I(Z(pi), S) C pj for each i > 1. As the primary 
decomposition is irredundant, Pi) \ P* + 0 - Pi ck gi G (f|^i pj) \ pj. Observe that 

hiQi G T(S) C pi for each hi G T(Z(pi), S ) because h t (ji vanishes identically on S = Si U |J ^ Sj- 
As gi 0 pi, we conclude hi G pi, that is, I(Z(pi), S ) C p,;. 

The 5-tarne C -semianalytic sets Si for i > 1 satisfy conditions (1), (3), (4) in Definition 5.1. 
Let us check that they also satisfy condition (2). 

Indeed, let Si C T C S be an irreducible amenable C'-semianalytic set. By Lemma 5.6 there 
exists j > 1 such that Si C T C Sj, so pj C p,. As pi is a minimal prime ideal between those 
containing T(S), we deduce pj = pi, so Si = T = Sj, as required. 

Uniqueness of weak irreducible components. Let {Si}i>i be the family of weak irreducible com¬ 
ponents constructed above and let {Xj}j>i be another family of weak irreducible components of 
S satisfying the conditions in Definition 5.1. By Lemma 5.6 each Ti C Sj for some j > 1. By 
condition (2) in Definition 5.1 we have Tj = Sj. It follows straightforwardly by Lemma 5.6 that 
{Si}i>i = {Tj}j> i, as required. □ 

5.A.3. Neat behavior of the weak irreducible components. We show that the behavior of the 
Zariski closure of an amenable C'-semianalytic set S in a small enough open neighborhood 
U C M of S with respect to the weak irreducible components is neat. 

Proposition 5.8. Let S C M be an amenable C-semianalytic set. There exist an open neighbor¬ 
hood U C M of S such that if X := S ‘ and {Xi} i >i are the irreducible components of X, then 
{5* := XinS}i>! is the family of the weak irreducible components of S and Xi := Si fori > 1. 
In particular, if S is a global C-semianalytic subset of M, each Si is a global C-semianalytic 
subset of U. 

Proof. For each i > 1 there exist by Lemma 5.3 an open neighborhood C/ ? ; C M of S and a 
C-analytic set Yi such that Si = Yi n S. 
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As the family {Si}j>i is locally finite in S, we may assume after substituting M by an open 
neighborhood of S that the family {Si}i>i is locally finite in M. Indeed, for each x G S let 
U x C X be an open neighborhood of x such that only finitely many Si meet U x . It is enough 
to take M' := (J^y U x instead of M. 

By Lemma A.l there exists a locally finite family {U-}i>i of open neighborhoods U- C U t of 
S{. As Si is an amenable C- analytic subset of U[, the Zariski closure Yf C U[ of S t in U- 
has its same dimension. Each Y- is a closed subset of U- and it holds 

Si = Y'ns c Cl m(y') ns c ci m (^) nsnu i = ci Vi {y i )ns = Y i ns = s h 


that is, C1 m(^/) H S = Yi n S. By Lemma A.2 there exists an open neighborhood U C M of S 
such that Y” := Y- fl U is a closed subset of U for i > 1. Let h t be an analytic equation of Y[ 
in 0(Uj). Notice that Yfi is a C-analytic subset of U because it is the zero set of the coherent 
sheaf on U: 


7 , = ( hiO UtX if x € Yfi, 

1 Ou,x otherwise. 

As Si is irreducible, the Zariski closure X t c Yfi of S t in U is an irreducible C-analytic set. 
Notice that 


(1) Si c s n Xi c s nr* = s u so i,ns = s h 

(2) The family {Aj}j>i is locally hnite because Xi C U[ and the family {£!■}*>i is locally 
hnite. 


Putting all together, we are done. 


□ 


5.B. Irreducible components of an amenable C-semianalytic set. Our next purpose is 
to prove the existence and uniqueness of the family of the irreducible components of an amenable 
C-semianalytic set S C M. The strategy is to show that the weak irreducible components are in 
fact the irreducible components of S. Once this is done Theorem 1.4 follows from Theorem 5.2 
and Proposition 1.5 is only a reformulation of Proposition 5.8. In the following S C M denotes 
an amenable C'-semianalytic set. 

Theorem 5.9. The family of the weak irreducible components of S is a family of irreducible 
components of S. In addition, the family of the irreducible components of S is unique. 

The crucial step to prove Theorem 5.9 is the following result. 

Theorem 5.10. The weak irreducible components of S are amenable C-semianalytic sets and 
constitute a locally finite family of M. 

Before proving Theorem 5.10 we need some preliminary work. We denote the family of the 
weak irreducible components of S with {iSi}j>i. 

Lemma 5.11. For each i > 1 there exists an open C-semianalytic set U such that SnU = SiHU 
is a real analytic manifold of dimension dim(S'j). 

Proof. For simplicity we prove the result for S\. By Corollary 5.7 Si fL U,>i Sj- Let V C M be 
an open neighborhood of S such that S\ is an amenable C'-semianalytic subset of V and let X\ 
be the Zariski closure of S\ in V. By Lemma 5.3 we may assume after shrinking V that there 
exists h € P| J >iX(S , i, S) H 0(V) such that Z(h) n S = \J - >l Z{Z{S\,S)). As S\ is irreducible 
and S\ fL we deduce by Lemma 4.2 that dim (Z(h) n Si) < dim(S'i). Pick a point 

x G Iutp l eg(x 1 )('S , i H Reg(-Xi) \ Uj>i Sj) an d let U be an open C'-semianalytic neighborhood of x 
in M such that 

snu = Int Reg(Xl) (Si n Reg(Xi) \ (J Sj) n u. 

3> 1 


Observe that JJ satisfies the conditions in the statement. 


□ 
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Proposition 5.12. The equality dim(<Sj Zar ) = dim(S'j) holds for i > 1 and the family {Sj Zar }j>i 
is locally finite after eliminating repetitions. 

Proof. As S is amenable, there exists by Theorem 3.17 and 3.D.3 (vi) and index r > 1 such 
that S = ULi Tk{S) and dim(Tfc +1 (S')) < dim (Tf.(S)). Recall that each T k (S) is a real analytic 
manifold. For each i > 1 there exists by Lemma 5.11 an open C -semianalytic set Ui such that 
S n Ui = Si n Ui is a real analytic manifold of dimension dim(S'j). As S n Ui = Ufc=i Tk{S) 0 U, 
there exists 1 < k < r such that dim (T^S)) = dim (Tf.(S) n Ui) = dim (5' n Ui) = dim (S'*). 
By Lemma 4.2(iii) S) zar = S n t/j Zar is an irreducible component of Tfc(5) . As S n Ui is an 
amenable C-semianalytic set, dim(S'j Zai ) = dim(5’n U^ 1 ) = dim(5’n Uf) = dim(S'j). 

As the family {T k (S) Yk=\ is finite and the irreducible components of each T k (S) consti¬ 
tute a locally finite family, we conclude that the family {S) zar }i>i is locally finite after eliminating 
repetitions. □ 

Corollary 5.13. We have: 

(i) Let U C M be an open neighborhood of S and let {Xj\j>\ be the irreducible components 
of the C-analytic set X := Sfj . Then for each j > 1 there exists i > 1 such that 
Xj = S?u r and T(Xj,X) = 1{S U S) n 0[X). 

(ii) There exist an open neighborhood V C M of S such that if X* := Sty*, then {A,;}j> i is 
the family of the irreducible components of X := S v and I(Xi,X) = T(Si,S) fl O(X) 
for i > 1 . 

Proof, (i) For simplicity consider U = M. By Proposition 5.12 dim(5'j Zar ) = dim(S'j) holds and 
the family {S^ } ? >i is locally finite after eliminating repetitions. Thus, Z := Uj>i U X 

is a C-analytic set that contains S, so Z = X. By Lemma 5.6 there exists i > 1 such that 
Xj C 5T ar C X, so Xj = ST ar . Consequently 

l(S l ,S)nO(X) = {feO(X): f\ Si = 0} = {/ € 0(X) : /|^r = 0} = I{Xj, X). 

(ii) Apply (i) to the open neighborhood V = U of S constructed in Proposition 5.8. □ 

We are ready to prove Theorem 5.10. 

Proof of Theorem 5.10. We divide the proof in two parts: 

Part 1. Amenability in M of the weak irreducible components of S. Let Si be a weak irreducible 
component of S and let us show that S± is an amenable C-semianalytic set. The proof of this 
part is conducted in several steps: 

5.B.I. Let X be the Zariski closure of Si. We prove next that we may assume from the 
beginning: X = S In particular, the Zariski closure of S is irreducible. To that end, we 
show: Si is a weak irreducible component of the amenable C-semianalytic set S' := SC\X. Once 
this is done we substitute S by S'. 

Let {S' k }k>i be the family of weak irreducible components of S'. By Lemma 5.6, there exists 
k > 1 such that Si C S' k . We claim: S' k is an S-tame C-semianalytic set. 

It is enough to check that S k = Z(h) for some analytic function h on an open neighborhood of 
S. Let ho be an analytic function on an open neighborhood W of S' such that S k = S' fl Z(ho). 
As A is a C-analytic subset of M, it holds that X n W is a C-analytic subset of M \ ( X \ W). By 
Cartan’s Theorem B h'f } \ xcw is the restriction to An IF of an analytic function h on M\(X\W) 
such that Z(h) = Z(ho)CX<1W. Observe that S C M\(X\W). Consequently, S' k = SnZ(h) 
is a S'-tame C-semianalytic set. 

By Lemma 5.6 there exists a weak irreducible component Sj of S such that Si C S k C Sj 
and we conclude S k = Si. 
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5.B.2. Let X be an irreducible complexification of the irreducible C-analytic set X. Recall 
that if is an open subset of X, then the irreducible components of fl are all pure dimensional 
and coincide with the closures of the connected components of the complex analytic manifold 
fl \ Sing(X). Let (V M ,C~:) be the underlying real analytic structure of (X,0^). Notice that 

Reg(A' R ) = Reg(A) and the irreducible components of arise as the underlying real structures 
of the irreducible components of Q. 

5.B.3. Let ( Z , Oz ) be a Stein complexification of (A R , C~) and let a : ( Z , Oz ) —> ( Z , Oz ) be 

an anti-involution whose fixed locus is A R . Recall that Sing(A R ) = Sing(Z) n X R . Denote the 
reduction of ( Z,Oz ) with (Zi,Oz 1 ) '■= (Z,O r z ). Observe that a induces an anti-involution on 
(Z i, Ozx) whose fixed part space (Zf, Oz*) satisfies Zf = A' R and Oz* is a quotient (coherent) 
sheaf of C ~. For each z € A R it holds Oz * z — O ~ /n(C~ ) where n(C R ) is the ideal of 
nilpotents elements of C 1 - . By [GaR, V.§3] (Z i, Oz x ) is a Stein space. 

Let 7r : Y —> Z\ be the normalization of (Zi, Oz 1 )• As (Z\, Oz 1 ) is Stein, (Y, Oy) is by [N3] 
Stein. The anti-involution on Z\ extends to an anti-involution a on Y such that n o a = a o tt, 
see [GMT, IV.3.10]. Denote the set of fixed points of a with Y a := {y G Y : a(y) = y}. As the 
restriction 7r| : Y \ 7r _1 (Sing(Zi)) —> Z\ \ Sing(Zi) is an invariant holomorphic diffeomorphism, 

tt(V 5 \ 7r- 1 (Sing(Z 1 )) = Zl \ Sing (Z,) = Reg(X R ). 

As 7r is proper, 7r(Y a ) = Note that 7 t _ 1 (5) n Y a is an amenable C-semianalytic subset of 

y ? . 

5.B.4. By Proposition 5.8 there exists an open neighborhood V C M of S such that if T := Sy r 
and are the irreducible components of T, we may assume Si = Ti n S for i > 1. Observe 

that dim(Ti) = dim(S'i) = dim(A), so T\ is an irreducible component of X n V. 

5.B.5. Let Q be an open neighborhood of X n V in X such that Hfll = V 0 X and for 
each irreducible component X’ of X n V there exists an irreducible component Q 7 of Q such 
that ll'nl = X’ (see [WB, §8. Prop. 11]). As S C D, it holds 7 t _1 (5) C 7t _ 1 (D). Let Di 
be the irreducible component of fl such that Di 0 X = T\. Recall that D R is an irreducible 
component of Let 0 be an open neighborhood of D in Z\ such that 0 n X R = and for 
each irreducible component fl /R of there exists an irreducible component 0 7 of 0 such that 
©/ p| q 1 be the irreducible component of 0 such that 0i n A' K = D R . Let Y[ be 

the connected component of Y 7 := 7r^ 1 (0) such that tt(Y() = 0j (see Remark 2.2). 

5.B.6. As S C X n V C D C 0, we have 7r^ 1 (5) C 7 t _1 (0) = Y’. As Y[ is a connected 
component of Y’ , the intersection R\ := Y[ n 7 t _ 1 (5) n Y a is an open and closed subset of 
R := 7r -1 (S) n Y a , so Ri is a union of connected components of R. We claim: ir(Ri) = Si. 

Indeed, D R is the closure of the connected component D R \ Sing(Zi) of \ Sing(Zi). As the 
restriction 7r| : Y \ 7r _1 (Sing(yi)) —> Z\ \ Sing(Zi) is an invariant holomorphic diffeomorphism 
and D R = 0i n X R , we conclude 

AXi \ vr- 1 (Sing(y 1 ))) fl T 5 ) = (0i \ Sing(Z 1 )) n Zf = \ Sing(Z 1 ). 

As 7T is proper, 7r(y/ n Y^) = D R . Thus, 

t t(Ri) = tt(y; n y 5 n tt 1 ^)) = n(Y; n y 5 ) ns = nfns = nfnxns = T 1 ns = s 1 . 

5.B.7. As R\ is a union of connected components of R, we deduce by Theorem l.l(ii) that 
Si = it(Ri) is an amenable C-semianalytic subset of Zf. By [GMT, II.4.10] ( X , Ox) is a closed 
subspace of (V R ,C ! ~). As Ox,x contains no nilpotent element for each x € X (recall that we 
have considered on X the well-reduced structure, see 2.E.1), it holds that (X,Ox) is a closed 
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subspace of (Z[,Oz^)- Consequently, Si is an amenable C-analytic subset of X. As X C M is 
a C-analytic set, S\ is by Cartan’s Theorem B an amenable C-analytic subset of M, as required. 

Part 2. Local finiteness in M of the family of the weak irreducible components of S. By 
Proposition 5.12 it is enough to prove the following: Let X := Si for some i > 1 and let 
3 '■= {j > 1 : Sj Zai = X}. Then {Sjljgg is locally finite in M. 

We may assume that the Zariski closure of S is X (see 5.B.1). Let (X, O^) be a complexifi- 
cation of (X, Ox) an let (Y, n) be its normalization. Let V C M be an open neighborhood of S 
such that the irreducible components of T := S v satisfy Si = S Fl Tj (use Proposition 

5.8). The family {Tjljgg is a collection of irreducible components of XDV of its same dimension. 
Let fl be an open neighborhood of X n V in X such that Q fl X = X n V and for each irreducible 
component X' of X n V there exists an irreducible component fl' of fl such that fl' n X = X'. 
Let flj be the irreducible component of fi such that fIj CiV = Tj for j G 3- 

By Remark 2.2 (0 := 7 r _ 1 (n), 7 r|©) is the normalization of fl and for each j £ 5 there exists a 
connected component Qj of 0 such that vr(0j) = flj and ( 0 j, 7 r|e.) is the normalization of flj. 
As 7 r _ 1 (S) C 0, the intersection 7 r _ 1 (S) n Qj is a union of connected components of 7r _1 (S). We 
claim: 7 r _ 1 (S) n Qj = ir~ 1 (Sj) n Qj. In particular, each connected component of ir~ 1 (Sj) n Qj 
is a connected component of'K^ 1 (S). 

As 7 r (Qj) = flj and flj n S = flj fl X n S = Tj n S = Sj, we deduce 

7 r _ 1 (5j) n Qj = 7 r _1 (f Ij) n 7 r _ 1 (S) n Qj = 7 t _ 1 (S) n Qj. 

Fix j G 3- As X is the Zariski closure of Sj in M, there exists by Theorem 1.2(i) a connected 
component Rj of Tr~ 1 (Sj) such that 7 r (Rj) = Sj. As Sj C flj, we deduce that Rj C Qj, so 
Rj is a connected component of ir~ 1 (Sj) n Qj. Consequently, Rj is a connected component of 
7 r _ 1 ( 5 ). As 7 t^ 1 ( 5 ) is a semianalytic subset of the underlying real analytic structure (Y R , Oy) 
of (Y, Oy), the family of its connected components is by [BM, 2.7] locally finite. Consequently, 
the family {Rj}je$ is locally finite. By Lemma A.3 the family {Sj = 7 r {Rj)}j£$ is locally finite 
in X, so it is locally finite in M, as required. □ 

Proof of Theorem 5.9. By Definition 5.1 and Theorem 5.10 the family of weak irreducible com¬ 
ponents of S' is a family of irreducible components of S. Let us prove next that the family of 
irreducible components of S is unique. 

Let {Sj}j>i be the family of the weak irreducible components of S and let {Tj}j> i be a family 
of irreducible components of S satisfying the conditions of Definition 1.3. By Lemma 5.6 there 
exists an index i > 1 such that Tj C S* for each j > 1. By condition (2) in Definition 1.3 we 
have Tj = Si. By Corollary 5.7 we conclude {Tj\j>\ = {Sj}j>i, so the family of irreducible 
components of S is unique. □ 

Example 5.14. The irreducible components of a pure dimensional amenable C'-semianalytic set 
need not to be pure dimensional. Let S := T\ U T 2 U T 3 C M 3 where 

Ti := [- 1 , 1 ] x [-2, 2] x {0}, T 2 := [-2, -1] x {-1,1} x [-1,1], 

& T3 := [1,2] x {—1,1} x [—1,1] 

By Proposition 5.8 and Theorem 5.9 the irreducible components of X are the intersections 
Si := S fl {X 3 = 0}, S -2 := S fl {x 2 = 1} and S 3 := S H {x 2 = — 1} and none of them is pure 
dimensional. 

5.C. Irreducible components vs connected components. Let S C M be an amenable 
C'-semianalytic set and let {Si}i>i be the family of its irreducible components. Let X be the 
Zariski closure of S and let ( X , a) be a complexihcation of X together with the anti-involution 
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Figure 6 . Irreducible components Si, S 2 and S 3 of S (Example 5.14) 


a : X —>• X whose set of fixed points is X. Let ( Y. , 7 r) be the normalization of X and let 
a : Y Y be the anti-holomorphic involution induced by <r in F, which satisifies it od = a on. 
We study next if the irreducible components of S can be computed as the images of some of the 
connected components of The following example shows that this is not true in general. 

However, we show in Proposition 5.16 that under certain conditions (achieved in Proposition 
5.8), the result is true. 

Example 5.15. Consider the amenable C-semianalytic subset S := So U Si U S 2 U S 3 of M 4 where 

5 0 := {x 2 - zy 2 = 0, z > 0}, 

51 := {.x = 0, y = 0, w = 0, 2 : < 0}, 

5 2 := {x = 0, y = 0, iv T z = —1, z < 0}, 

5 3 := {x = 0, y = 0, w — z = 1, 2 : < 0}. 

The irreducible components of S are So,Si,S 2 and S 3 . The Zariski closure of S is X := 
{x 2 — zy 2 = 0} C M 4 . Consider the complexification X := {x 2 — zy 2 = 0} C C 4 and its 
normalization ir : Y := C 3 —> X , (.s, t, w) eA (sf, s, t 2 , w). Observe that 7 r _ 1 (S) = Ui=o ^ where 

T 0 := {(s,t,w) € M 3 : t / 0}, 

Ti := {(0, V^lt, 0) G C 3 : t > 0}, T 4 := {(0, 0) G C 3 : t > 0}, 

T 2 := {(0, y/ — It, —1 + t) G C 3 : t > 0}, T 5 := {(0, — y/ — It, — 1 + f) £ C 3 : t. > 0}, 

T 3 := {(0, y/^lt, 1 - t) £ C 3 : t > 0}, T 6 := {(0, -y/^lt, 1 - t) £ C 3 : t > 0}. 

In addition 7 r(T 0 ) = S 0 , 7 t(Ti) = 7 r(T 4 ) = Si, 7 r(T 2 ) = 7 t(T 5 ) = S 2 and 7 r(T 3 ) = 1 r(T 6 ) = S 3 . 

Observe that Ti 0 T 2 0 T 3 = {(0, T, 0)} and T 4 0 T 5 n Tg = {(0, — y/—l, 0)}}. Consequently, 
7 r 1 (S) has three connected components Co := To, Ci := Ti U T 2 U T 3 and C 2 := T 4 U T 5 U To, 
while S has four irreducible components. 

Before stating the following result we refer the reader to Proposition 5.8. 

Proposition 5.16. Suppose that if {Xi}i> 1 are the irreducible components of X, we have Si = 
Xi 0 S and Si ' = X,; /or i > 1 . T/ien /or eac/i i > 1 f/tere exists a connected components Ti of 
7r 1 (S) suc/i that ir(Ti) = Si. 

Proof. Let X' C X be an open neighborhood of X such that each irreducible component X* of 
X is the intersection with X of an irreducible component X\ of X' (see [WB, § 8 . Prop. 11]). 

By Remark 2.2 (Y 1 := 7T^ 1 (X / ), 7r|y/) is the normalization of X' and for each i > 1 there 
exists a connected component Y- of Y' such that 7 r(L) / ) = X' and (T/, 7r|y/) is the normalization 
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of X[. As S C X, we have 7r 1 (5) C Y'. Consequently, the intersection n 1 (S) n Y( is a union 
of connected components of 7 r^ 1 (S'). 

As Si is an amenable C-semianalytic set, there exists by Theorem 1.2 a connected component 
Ti of 7 r - 1 (S) n Y( such that 7r (Tf) = Si. Observe that Tj is a connected component of 7t~ 1 (5), 
as required. □ 


Appendix A. Some properties of locally finite families 


We recall in this appendix certain properties of locally finite families of a topological space 
for the sake of completeness. 

Lemma A.l. Let X be a paracompact second countable topological space and let {T k }k> 1 be a 
locally finite family of subsets of X. For each k > 1 let 14 be an open neighborhood of T k in X. 
Then there exist open neighborhoods Uk C 14 ofTk in X such that the family {U k } k >i is locally 
finite in X. 


Proof. For each x G X there exists an open neighborhood W x of x that meets only finitely 
many Tk- The family {W x } x ^x is an open covering of X. Thus, it has an open refinement 
i which is countable and locally finite in X. Define XJ' k := UuynT fc /0 1'14 and observe 
that Tk C U' k . We claim: The family {U k } k >i is locally finite in X. 

Fix a point x £ X and let V x be a neighborhood of x which intersects finitely many W (, 
say 114,, • • •, Wg r . The union Uj =1 w e :i meets only finitely many T k , say T kl ,..., T ka ■ If k 
ki ,..., k s , the intersection U k n V x = 0. 

To finish take Uk := U k n 14- □ 

Lemma A.2. Let X be a topological space. Let {14}fc>i be a locally finite family of open subsets 
of X and for each k > 1 let T k C Pl k be a closed subset of 14. Let Y be a subset of X and 
suppose that Tk n Y is closed in Y for all k > 1. Then there exists an open neighborhood Slcl 
of Y such that D n Tk is a closed subset of Q for all k > 1. 


Proof. As the family {14}fc>i is locally finite in X, so are the families {T k } k > l, {Cl(Tfc)}fc>i 
and {Cl(T fc ) \ 14}fc>i- Thus, 

E := (J Cl (T k ) and C k := \J Cl (Tj) \ Qj 

k >1 j^k 

are closed subset of X. Consider the open subset of X 

n-.= (x\E)u\Jn k \c k . 

k> 1 


We check first: Y C D. 

As T k C Y is closed in Y. we have Cl (T k ) fib = T k n Y, so 


Ck n y = (J (ci(Tj) n Y) \ Qj = |J (Tj n y) \ a, = 0 , 

j¥=k j^k 


for all k > 1 and E n Y = Ufc>i Tk C Y. As T k C Ll k , 

y n n = (Y \ |J T k n y) u |J n k n y = y. 

k >1 k >1 

Next, we show: Each intersection T( n D is closed in Q for £ > 1. 

As D is open in X , we have Cln(T^nD) = Cl(T^nfh Thus, it is enough to show Cl(Ti)(l£l C 
for each £ > 1 . 
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Indeed, since T( is closed in Qg, we have Cl (Tfi) nSlf = Tg. As C\(Tg) \ Qg C Ck for k £, 

ci (T e ) n n = |J ci(r<) n (n* \ c k ) c ci(r<) no f u[J ci(t £ ) \ (ci(r<) \ n e ) = T t , 

k> 1 k^i 

as required. □ 

Lemma A.3. Let tt : Y -A X be a proper map with finite fibers between two topological spaces. 
Let be a locally finite family ofY. Then {tt (Aj)}j e j is a locally finite family of X. 

Proof. Let x € X and write t t _1 (x) := {yi,... ,y r }- For each j = 1, r let Vj be an open 
neighborhood of yj that only intersects finitely many A*. Let C := Y \ (Jf =1 Vj, which is a 
closed subset of Y. As tt is proper, i t(C) is closed. As vr^ 1 ^) n C = 0, we have x 0 vr(C'), so 
U := X \ 7 t(C) is an open neighborhood of x. Let us check that if n{Af) C\U / 0 then there 
exists j = 1,..., r such that A l nV ] 0. Thus {7r(Aj)}j e / is a locally finite family of X. 

Suppose by contradiction that A t n Vj = 0 for all j = 1,..., r. Then A % c C, so 7r(Aj) C tt(C) 
and 7r(Aj) n U 0, which is a contradiction, as required. □ 
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